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Gravitational waves and the two-body problem

• next-gen detectors will see
a much wider variety of
binaries, with greater
precision

• already detecting mass
ratios ≈ 1:26
(GW191219 163120)

• we need new and more
accurate models

Binary parameter space

[Image courtesy of Leor Barack]
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Extreme-mass-ratio inspirals (EMRIs)

• LISA will observe inspirals of
stellar-mass BHs or neutron stars
into massive BHs

• stellar object spends
∼ M/m ∼ 105 orbits near BH
⇒ unparalleled probe of
strong-field region around BH
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EMRI science

• probe of massive BH:
• multipole structure
• presence or absence of horizon
• deformability, etc.

• probe of stellar-mass objects: measurement of scalar charge
⇒ test large classes of theories

• probe of galactic nuclei:
• population of nearby bodies
• properties of accretion disk
• nature of dark matter
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Gravitational self-force theory—not just EMRIs!

• small body perturbs a spacetime:

gµν = gµν + ϵh(1)
µν + ϵ2h(2)

µν + . . .

where ϵ ∝ m

• this deformation of the geometry affects m’s motion
⇒ exerts a self-force

D2zµ

dτ2 = ϵfµ
(1) + ϵ2fµ

(2) + . . .
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1 Self-force theory: the fundamentals

2 Self-force theory and asymmetric binaries

3 Results at second order: post-adiabatic waveforms

4 Frontiers: spin, merger and ringdown
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Matched asymptotic expansions

• outer expansion: in external
universe, treat field of M as
background

• inner expansion: in inner region,
treat field of m as background

• in buffer region, derive equation of
motion and “skeletonization”
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Self-field and effective field [Detweiler & Whiting; Harte; AP]

• local solution to EFE in buffer region splits into a “self-field” and an
effective metric

• hS
µν directly determined by object’s multipole moments

• g̃µν = gµν + hR
µν is a smooth vacuum metric determined by global

boundary conditions
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Equation of motion [MiSaTa; QuWa; Gralla & Wald; Harte; AP]

EFE in buffer region determines equations of motion for object’s effective
center of mass [AP 2012]:

D̃2zµ

dτ̃2 = O(ϵ3)

• geodesic motion in g̃µν = gµν + hR
µν

• derived directly from EFE outside object. No regularization of infinities,
no assumptions about hR

µν
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Point particles and punctures
• replace “self-field” with “singular field”

• replace object with a point mass [D’Eath; Gralla & Wald; Upton & AP 2021]

T µν := 1
8π

{
ϵδGµν [h(1)] + ϵ2

(
δGµν [h(2)] + δ2Gµν [h(1)]

)}
= m

∫
ũµũν δ4(x − z)√

−g̃
dτ̃ + O(ϵ3)
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Zeroth order: test mass on a geodesic in Kerr

[image courtesy of Steve Drasco]

• geodesic characterized by three
constants JA = (E, Lz, Q):

1 energy E
2 angular momentum Lz

3 Carter constant Q, related to orbital
inclination

• phases φA = (φr, φθ, φϕ) with frequencies dφA

dt
= ΩA(JB)
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Hierarchy of self-force models [Hinderer & Flanagan]

• self-force causes {E, Lz, Q} to slowly evolve
⇒ two time scales: orbital time ∼ 2π/Ω and radiation-reaction time
∼ 2π/(ϵΩ)

• on radiation-reaction time, the orbital phases have an expansion

φA = ϵ−1φ
(0)
A (ϵt) + ϵ0φ

(1)
A (ϵt) + O(ϵ)

• a model that gets φ
(0)
A and φ

(1)
A right should be enough for precise

parameter extraction
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A and φ

(1)
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parameter extraction
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1

Adiabatic order

determined by
• dissipative piece of fµ

2
• conservative piece of fµ

1

First post-adiabatic order
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Multiscale expansion [Miller & AP; van de Meent & Warburton; AP & Wardell;

Flanagan, Hinderer, Moxon, AP]

• adopt “good” perturbed variables (φ̃A, J̃A) for orbit. Full set of system
parameters JA ∼ (J̃A, MBH , JBH)

dφ̃A

dt
= ΩA(JB)

dJA

dt
= ϵ

[
F̃

(0)
A (JB) + ϵF̃

(1)
A (JB) + O(ϵ2)

]
• treat hµν as function on extended manifold:

hµν(t, xi) → ϵh(1)
µν (φ̃A, JA, xi) + ϵ2h(2)

µν (φ̃A, JA, xi) + O(ϵ3)
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Rapid waveforms

 

parameter space

Offline step
• Fourier series:

hn
µν =

∑
kA

hn,Ωk
µν (JA, xi)e−ikAφA

Ωk := kAΩA

• solve field equations for amplitudes
hn,Ωk

µν on grid of JA values

Online step
• FastEMRIWaveforms package: rapidly evolve through parameter space

[Katz, Chua, Speri, Warburton, Hughes]
⇒ generate waveform in ∼ 10 − 100 milliseconds
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Progress since 1996

• Achievement: 0PA waveforms for generic orbits around Kerr BH [Hughes
et al.,Fujita et al.]

• Challenge: interpolating offline data in high-dimensional parameter
space

• Achievement: fµ
1 for generic orbits around Kerr BH [van de Meent, Barack

et al., Evans et al., ...]
• Challenge: efficiency of offline step
• Also progress on

• companion’s spin
• orbital resonances
• effects beyond GR
• synergies with PN, EOB, NR

Adam Pound Progress in self-force 18 April 2023 17 / 29



Progress since 1996

• Achievement: 0PA waveforms for generic orbits around Kerr BH [Hughes
et al.,Fujita et al.]

• Challenge: interpolating offline data in high-dimensional parameter
space

• Achievement: fµ
1 for generic orbits around Kerr BH [van de Meent, Barack

et al., Evans et al., ...]
• Challenge: efficiency of offline step
• Also progress on

• companion’s spin
• orbital resonances
• effects beyond GR
• synergies with PN, EOB, NR

Adam Pound Progress in self-force 18 April 2023 17 / 29



Progress since 1996

• Achievement: 0PA waveforms for generic orbits around Kerr BH [Hughes
et al.,Fujita et al.]

• Challenge: interpolating offline data in high-dimensional parameter
space

• Achievement: fµ
1 for generic orbits around Kerr BH [van de Meent, Barack

et al., Evans et al., ...]
• Challenge: efficiency of offline step
• Also progress on

• companion’s spin
• orbital resonances
• effects beyond GR
• synergies with PN, EOB, NR

Adam Pound Progress in self-force 18 April 2023 17 / 29



Progress since 1996

• Achievement: 0PA waveforms for generic orbits around Kerr BH [Hughes
et al.,Fujita et al.]

• Challenge: interpolating offline data in high-dimensional parameter
space

• Achievement: fµ
1 for generic orbits around Kerr BH [van de Meent, Barack

et al., Evans et al., ...]
• Challenge: efficiency of offline step
• Also progress on

• companion’s spin
• orbital resonances
• effects beyond GR
• synergies with PN, EOB, NR

Adam Pound Progress in self-force 18 April 2023 17 / 29



Progress since 1996

• Achievement: 0PA waveforms for generic orbits around Kerr BH [Hughes
et al.,Fujita et al.]

• Challenge: interpolating offline data in high-dimensional parameter
space

• Achievement: fµ
1 for generic orbits around Kerr BH [van de Meent, Barack

et al., Evans et al., ...]
• Challenge: efficiency of offline step
• Also progress on

• companion’s spin
• orbital resonances
• effects beyond GR
• synergies with PN, EOB, NR

Adam Pound Progress in self-force 18 April 2023 17 / 29



Outline

1 Self-force theory: the fundamentals

2 Self-force theory and asymmetric binaries

3 Results at second order: post-adiabatic waveforms

4 Frontiers: spin, merger and ringdown

Adam Pound Progress in self-force 18 April 2023 18 / 29



Complete 1PA calculations for quasicircular orbits
[AP, Warburton, Wardell 2013–]

• parameters: JA = (Ω, MBH, JBH), JBH ∼ ϵ

• evolution:
dϕp

dt
= Ω

dΩ
dt

= ϵ
[
F

(0)
Ω (Ω) + ϵF

(1)
Ω (Ω) + O(ϵ2)

]
• h

(n)
µν =

∑
iℓm h

(n)
iℓm(J A, r)e−imϕpY iℓm

µν

• solve field equations for amplitudes h
(n)
iℓm
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1PA waveforms [Wardell, AP, Warburton, Durkan, Miller, Le Tiec]

Mass ratio ϵ = 1

1PA waveform NR SXS:BBH:1132
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1PA waveforms [Wardell, AP, Warburton, Durkan, Miller, Le Tiec]

Mass ratio ϵ = 1/6

1PA waveform NR SXS:BBH:0181
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1PA waveforms [Wardell, AP, Warburton, Durkan, Miller, Le Tiec]

Mass ratio ϵ = 1/10

1PA waveform NR SXS:BBH:1107
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1PA waveforms [Wardell, AP, Warburton, Durkan, Miller, Le Tiec]

Mass ratio ϵ = 1/10

1PA waveform NR SXS:BBH:1107

0 1000 2000 3000 4000 5000 6000 7000

-0.10

-0.05

0.00

0.05

0.10

t/M

R
e[
h 2
,2
]

error estimate: ∼ 7.5ϵ rad from R = 20M to ISCO
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1PA waveforms + PN information

Mass ratio ϵ = 1/4

1PA waveform NR SXS:BBH:1220
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1PA waveforms + PN information

Mass ratio ϵ = 1/4

1PA+PN waveform NR SXS:BBH:1220
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1PA waveforms + PN information

Mass ratio ϵ = 1/6

1PA+PN waveform NR SXS:BBH:0181
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0PA vs 1PA comparisons
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Quasicircular inspiral with spin [Mathews, AP, Wardell]

• parameters:
JA = (Ω, χ2∥, χ2⊥, MBH , JBH)

• phases: ϕp, ϕs
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Ringdown: importance of quadratic effects

Recent work has highlighted need for 2nd-order treatment of ringdown
[Mitman et al., Cheung et al., ...]
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[Image credit: Leo Stein]
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Transition to plunge

• evolution on timescale ∼ 1/(ϵ1/5Ω) on frequency interval
(Ω − Ωisco) ∼ ϵ2/5

• parameters: JA = {∆Ω̃, MBH , JBH}, ∆Ω̃ := Ω−Ωisco
ϵ2/5

• evolution:
dϕp

dt
= Ωisco + ϵ2/5∆Ω̃

d∆Ω̃
dt

= ϵ1/5
[
F

(0)
∆Ω̃(∆Ω̃) + ϵ1/5F

(1)
∆Ω̃(∆Ω̃) + O(ϵ2/5)

]
• hµν = ϵ

∑
n≥0

∑
ilm

ϵn/5j
(n)
ilm(JA, r)e−imϕpY ilm

µν
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Transition to plunge [Compere, Durkan, Kuchler, AP]

dΩ
dt

= F
(0)
Ω

hlm = ϵh
(1)
lm(Ω)e−imϕp

d∆Ω̃
dt

= ϵ1/5
(

F
(0)
∆Ω̃ + ϵ2/5F

(2)
∆Ω̃

)
hlm = ϵ

(
j

(0)
lm + ϵ2/5j

(2)
lm

+ ϵ3/5j
(3)
lm

)
e−imϕp
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Plunge

• evolution on short time scale ∼ 1/(ϵ0Ω)
• parameters: JA = {Ω, MBH , JBH}
• evolution:

dϕp

dt
= Ω

dΩ
dt

= F
(0)
Ω (Ω) + ϵF

(1)
Ω (Ω) + O(ϵ2)

• hµν =
∑

iℓm

[
ϵh

(1)
iℓm(J A, r) + ϵ2h

(2)
iℓm(J A, r) + O(ϵ3)

]
e−imϕpY iℓm

µν
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Conclusion

Main takeaways
• EMRIs have unique scientific potential
• Self-force theory:

• high accuracy for IMRIs and EMRIs
• unique tool for merger and ringdown
• native waveform generation fast enough for data analysis

Status
• 0PA: generic inspirals in Kerr are available
• 1PA: quasicircular inspiral into slowly spinning primary
• 0PA & 1PA: informs EOB, synergies with PN

Next steps
• 1PA: merger & ringdown
• 1PA: generic spin, eccentricity, inclination
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Spinning bodies

SXS:BBH:1460
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Spinning bodies

SXS:BBH:0203
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Spinning bodies

PN (no spin)

PN (with spin)

SXS:BBH:1436
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