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Kerr Black Holes

Astrophysical BHs are believed to be described by the Kerr metric:

- two symmetries: stationarity (       ) and axi-symmetry (       )
<latexit sha1_base64="6DHl69ufYqQymHVQMzin9BHTQ/Y=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/YLiWbZtvQbHZJZoWy9F948aCIV/+NN/+NabsHbX0QeLw3M5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHnsJ1Sio7GO/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPZvOY5NNSLzU8oWxMh7xrqaIRN34233hKzqwyIGGs7VNI5urvjoxGxkyiwFZGFEdm2ZuJ/3ndFMNrPxMqSZErtvgoTCXBmMzOJwOhOUM5sYQyLeyuhI2opgxtSCUbgrd88ippXVS9y2rtvlap3+RxFOEETuEcPLiCOtxBA5rAQMEzvMKbY5wX5935WJQWnLznGP7A+fwBzL2RAw==</latexit>

@t
<latexit sha1_base64="+tjEv7FCsabCitElKtITnZTe+Jg=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCWoAsYKFsYi0YfURJHjOq1Vx7Fsp6KK8issDCDEyo+w8Tc4bQZoOdKVjs651773hIJRpR3n26psbG5t71R3a3v7B4dH9nG9p5JUYtLFCUvkIESKMMpJV1PNyEBIguKQkX44vSv8/oxIRRP+qOeC+DEacxpRjLSRArvuCSQ1RSzIvBmSYkLzwG44TWcBuE7ckjRAiU5gf3mjBKcx4RozpNTQdYT2s+JdzEhe81JFBMJTNCZDQzmKifKzxe45PDfKCEaJNMU1XKi/JzIUKzWPQ9MZIz1Rq14h/ucNUx3d+BnlItWE4+VHUcqgTmARBBxRSbBmc0MQltTsCvEESYS1iatmQnBXT14nvcume9VsPbQa7dsyjio4BWfgArjgGrTBPeiALsDgCTyDV/Bm5daL9W59LFsrVjlzAv7A+vwBxl6U7g==</latexit>

@'

mass

It’s an exact sln. of Einstein’s eqs. representing a rotating BH

(intrinsic) angular momentum

<latexit sha1_base64="x4nxg+UuLi/Urlx77ScrETmErfY=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrRT0WvXgRKrhtoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqSLUJzGPVTvEmnImqW+Y4bSdKIpFyGkrHN1O/dYTVZrF8tGMExoIPJAsYgQbK/mV+3N81iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URNdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5PmRdW7rNYeauX6TR5HAY7hBCrgwRXU4Q4a4AMBBs/wCm+OdF6cd+dj3rri5DNH8AfO5w+ObY3g</latexit>

(M,a)

- a curvature singularity at
<latexit sha1_base64="CNP2YpXWcRLIPa7yrjT1l38xZiI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A0D2NgA==</latexit>

r = 0

- an inner (Cauchy horizon) at 
<latexit sha1_base64="eaa89kROsblZuKsN3YVOzMF2zhM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUtCUpRd0IRTduChXsA5o0TKbTduhkks5MCiX0E9z4K25cKOLWpTv/xuljodUDFw7n3Mu99/gRo1JZ1peRWlpeWV1Lr2c2Nre2d8zdvZoMY4FJFYcsFA0fScIoJ1VFFSONSBAU+IzU/f7NxK8PiZA05PdqFBE3QF1OOxQjpSXPPBZXwss5ZBDTISznHDkQKim3CjnUKowdymHTOhPeqeuZWStvTQH/EntOsmCOimd+Ou0QxwHhCjMkZdO2IuUmSCiKGRlnnFiSCOE+6pKmphwFRLrJ9KExPNJKG3ZCoYsrOFV/TiQokHIU+LozQKonF72J+J/XjFXn0k0oj2JFOJ4t6sQMqhBO0oFtKghWbKQJwoLqWyHuIYGw0hlmdAj24st/Sa2Qt8/zxbtitnQ9jyMNDsAhOAE2uAAlcAsqoAoweABP4AW8Go/Gs/FmvM9aU8Z8Zh/8gvHxDVd6m4M=</latexit>

r = r� ⌘ M �
p

M2 � a2 2 [0, r+]

maximally-rotating (extremal) is for            a = M

- an event horizon at radius

It has:
<latexit sha1_base64="4Bu6TA4L1zvM/UZigUdReFr0opI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBKJakFHUjFN24KVSwD2jSMJlO2qGTR2cmhRK6ceOvuHGhiFv/wZ1/47TNQlsPXDiccy/33uNGjAppGN9aZmV1bX0ju5nb2t7Z3dP3DxoijDkmdRyykLdcJAijAalLKhlpRZwg32Wk6Q5up35zRLigYfAgxxGxfdQLqEcxkkpy9GN+zZ2CRYYxHcFqwRJDLpNqp3SOOqWJo+eNojEDXCZmSvIgRc3Rv6xuiGOfBBIzJETbNCJpJ4hLihmZ5KxYkAjhAeqRtqIB8omwk9kXE3iqlC70Qq4qkHCm/p5IkC/E2HdVp49kXyx6U/E/rx1L78pOaBDFkgR4vsiLGZQhnEYCu5QTLNlYEYQ5VbdC3EccYamCy6kQzMWXl0mjVDQviuX7cr5yk8aRBUfgBJwBE1yCCrgDNVAHGDyCZ/AK3rQn7UV71z7mrRktnTkEf6B9/gAWTpeu</latexit>

r = r+ ⌘ M +
p
M2 � a2



 ergosphere

event horizon

 observer must rotate     
inside ergosphere

(@t)2 > 0

<latexit sha1_base64="DABIiykYCWwOlHh0jME8e+8U5e4=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBBiE3ZDUAuLoI1lBPOA7LrMTmaTIbMPZu4KIaSw8VdsLBSx9SPs/Btnky008cCFwzn3ztx7/ERwBZb1baysrq1vbBa2its7u3v75sFhW8WppKxFYxHLrk8UEzxiLeAgWDeRjIS+YB1/dJ35nQcmFY+jOxgnzA3JIOIBpwS05JklR7AAKk5CJHAiPHAkHwzh9L52aXlm2apaM+BlYuekjHI0PfPL6cc0DVkEVBCleraVgDvJnqaCTYtOqlhC6IgMWE/TiIRMuZPZEVN8opU+DmKpKwI8U39PTEio1Dj0dWdIYKgWvUz8z+ulEFy4Ex4lKbCIzj8KUoEhxlkiuM8loyDGmhAqud4V0yGRhILOrahDsBdPXibtWtU+q9Zv6+XGVR5HAZXQMaogG52jBrpBTdRCFD2iZ/SK3own48V4Nz7mrStGPnOE/sD4/AH995es</latexit>

(@t)
2 < 0

<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+

: angular velocity

(timelike)

(spacelike)

<latexit sha1_base64="EaUv17ffXb/8jVtjm2h0Cf1biWY=">AAACC3icbVDLSgNBEJz1GeMr6tHLkCAIgbAbgnoMevFmBKOBbFx6J71xcPbhzGwgLLl78Ve8eFDEqz/gzb9xkuzBV0FDUdVNd5efCK60bX9ac/MLi0vLhZXi6tr6xmZpa/tSxalk2GaxiGXHB4WCR9jWXAvsJBIh9AVe+bcnE/9qiFLxOLrQowR7IQwiHnAG2kheqeyehTgAr+riXcqH1A0ksAzGmfSq1/UqXNfHXqli1+wp6F/i5KRCcrS80ofbj1kaYqSZAKW6jp3oXgZScyZwXHRThQmwWxhg19AIQlS9bPrLmO4ZpU+DWJqKNJ2q3ycyCJUahb7pDEHfqN/eRPzP66Y6OOplPEpSjRGbLQpSQXVMJ8HQPpfItBgZAkxycytlN2DS0Ca+ognB+f3yX3JZrzkHtcZ5o9I8zuMokF1SJvvEIYekSU5Ji7QJI/fkkTyTF+vBerJerbdZ65yVz+yQH7DevwAPqppu</latexit>

⌦+ ⌘ a

r2+ + a2



Penrose diagram

radius  

time
null geods.

(compactify time and radius)

<latexit sha1_base64="nl4y+xnj34Y87l929A6MqPPK0uw=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xkUcCK5kdBpgwO7vO9JqQDT/hxYPGePV3vPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVWpXzhw4TmnWLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+d3TshJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv0rPxUqTpArNl/UTyTBiEyfJz2hOUM5toQyLeythA2ppgxtRAUbgrf48jJpnJW9i3LlrlKqXmdx5OEIjuEUPLiEKtxCDerAQMIzvMKb8+i8OO/Ox7w152Qzh/AHzucPb2WPlw==</latexit>

45�

<latexit sha1_base64="mpDis55Gn+4d68ipCvNlWNXaLZU=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinoRil48VnDbQruUbJptQ7PZJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUUvHqaLMo7GIVScgmgkumWe4EayTKEaiQLB2ML6b+e0npjSP5aOZJMyPyFDykFNirORV6Y173i9XnJozB14lbk4qkKPZL3/1BjFNIyYNFUTrruskxs+IMpwKNi31Us0SQsdkyLqWShIx7WfzY6f4zCoDHMbKljR4rv6eyEik9SQKbGdEzEgvezPxP6+bmvDaz7hMUsMkXSwKU4FNjGef4wFXjBoxsYRQxe2tmI6IItTYfEo2BHf55VXSuqi5l7X6Q73SuM3jKMIJnEIVXLiCBtxDEzygwOEZXuENSfSC3tHHorWA8plj+AP0+QOA/Y3X</latexit>

(c = 1)

sing.

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="6vxmjNGO81UXOOMulKAjbEidTm4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgxpJIUZdFN11WsA9oY5lMJ+3QySTOTAol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3qd6ZUKhaKBz2LqBvgkWA+I1gbye0HWI8J5klj/ngxKFfsqp0BrRInJxXI0RyUv/rDkMQBFZpwrFTPsSPtJlhqRjidl/qxohEmEzyiPUMFDqhykyz0HJ0ZZYj8UJonNMrU3xsJDpSaBZ6ZTEOqZS8V//N6sfZv3ISJKNZUkMUhP+ZIhyhtAA2ZpETzmSGYSGayIjLGEhNteiqZEpzlL6+S9mXVuarW7muV+m1eRxFO4BTOwYFrqEMDmtACAk/wDK/wZk2tF+vd+liMFqx85xj+wPr8AaPWkgY=</latexit>

H
�

<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH

black hole

(t = 1, r = r+)
<latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit>

(t = �1, r = r+)
<latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit>

<latexit sha1_base64="YrDeoMQmkKvvbMDzIJ+lPJijw+E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1ItQ9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k395hMqzRP5aEYpBjHtSx5xRo2VfHWjuufdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmai62DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpHFR8S4r1YdquXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB1UGjmI=</latexit>r = r�

<latexit sha1_base64="CNP2YpXWcRLIPa7yrjT1l38xZiI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A0D2NgA==</latexit>

r = 0

future null infinity
<latexit sha1_base64="9iPO8Xohg6uRLL5krim5nu2qXYA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbsRVBfuANpbJdNIOnUzizKRQQr7DjQtF3Pox7vwbJ20W2npg4HDOvdwzx4s4U9q2v63Cyura+kZxs7S1vbO7V94/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG99kfntCpWKheNDTiLoBHgrmM4K1kdxegPWIYJ7cpY9n/XLFrtozoGXi5KQCORr98ldvEJI4oEITjpXqOnak3QRLzQinaakXKxphMsZD2jVU4IAqN5mFTtGJUQbID6V5QqOZ+nsjwYFS08Azk1lItehl4n9eN9b+lZswEcWaCjI/5Mcc6RBlDaABk5RoPjUEE8lMVkRGWGKiTU8lU4Kz+OVl0jqvOhfV2n2tUr/O6yjCERzDKThwCXW4hQY0gcATPMMrvFkT68V6tz7mowUr3zmEP7A+fwCj3JIG</latexit>

J +

(t = 1, r = 1)
<latexit sha1_base64="Vna/35VCrCvRE+UQvnfXP+vgP2w=">AAAB/HicbZBNS8NAEIYnftb6Ve3RS7AIFaQkIuhFKHrxWMF+QBvKZrtpl242YXcihFD/ihcPinj1h3jz37htc9DWFxYe3plhZl8/Flyj43xbK6tr6xubha3i9s7u3n7p4LClo0RR1qSRiFTHJ5oJLlkTOQrWiRUjoS9Y2x/fTuvtR6Y0j+QDpjHzQjKUPOCUoLH6pXIVr3tcBpieqRxO+6WKU3NmspfBzaECuRr90ldvENEkZBKpIFp3XSdGLyMKORVsUuwlmsWEjsmQdQ1KEjLtZbPjJ/aJcQZ2ECnzJNoz9/dERkKt09A3nSHBkV6sTc3/at0Egysv4zJOkEk6XxQkwsbIniZhD7hiFEVqgFDFza02HRFFKJq8iiYEd/HLy9A6r7lOzb2/qNRv8jgKcATHUAUXLqEOd9CAJlBI4Rle4c16sl6sd+tj3rpi5TNl+CPr8wf4fJRS</latexit><latexit sha1_base64="Vna/35VCrCvRE+UQvnfXP+vgP2w=">AAAB/HicbZBNS8NAEIYnftb6Ve3RS7AIFaQkIuhFKHrxWMF+QBvKZrtpl242YXcihFD/ihcPinj1h3jz37htc9DWFxYe3plhZl8/Flyj43xbK6tr6xubha3i9s7u3n7p4LClo0RR1qSRiFTHJ5oJLlkTOQrWiRUjoS9Y2x/fTuvtR6Y0j+QDpjHzQjKUPOCUoLH6pXIVr3tcBpieqRxO+6WKU3NmspfBzaECuRr90ldvENEkZBKpIFp3XSdGLyMKORVsUuwlmsWEjsmQdQ1KEjLtZbPjJ/aJcQZ2ECnzJNoz9/dERkKt09A3nSHBkV6sTc3/at0Egysv4zJOkEk6XxQkwsbIniZhD7hiFEVqgFDFza02HRFFKJq8iiYEd/HLy9A6r7lOzb2/qNRv8jgKcATHUAUXLqEOd9CAJlBI4Rle4c16sl6sd+tj3rpi5TNl+CPr8wf4fJRS</latexit><latexit sha1_base64="Vna/35VCrCvRE+UQvnfXP+vgP2w=">AAAB/HicbZBNS8NAEIYnftb6Ve3RS7AIFaQkIuhFKHrxWMF+QBvKZrtpl242YXcihFD/ihcPinj1h3jz37htc9DWFxYe3plhZl8/Flyj43xbK6tr6xubha3i9s7u3n7p4LClo0RR1qSRiFTHJ5oJLlkTOQrWiRUjoS9Y2x/fTuvtR6Y0j+QDpjHzQjKUPOCUoLH6pXIVr3tcBpieqRxO+6WKU3NmspfBzaECuRr90ldvENEkZBKpIFp3XSdGLyMKORVsUuwlmsWEjsmQdQ1KEjLtZbPjJ/aJcQZ2ECnzJNoz9/dERkKt09A3nSHBkV6sTc3/at0Egysv4zJOkEk6XxQkwsbIniZhD7hiFEVqgFDFza02HRFFKJq8iiYEd/HLy9A6r7lOzb2/qNRv8jgKcATHUAUXLqEOd9CAJlBI4Rle4c16sl6sd+tj3rpi5TNl+CPr8wf4fJRS</latexit><latexit sha1_base64="Vna/35VCrCvRE+UQvnfXP+vgP2w=">AAAB/HicbZBNS8NAEIYnftb6Ve3RS7AIFaQkIuhFKHrxWMF+QBvKZrtpl242YXcihFD/ihcPinj1h3jz37htc9DWFxYe3plhZl8/Flyj43xbK6tr6xubha3i9s7u3n7p4LClo0RR1qSRiFTHJ5oJLlkTOQrWiRUjoS9Y2x/fTuvtR6Y0j+QDpjHzQjKUPOCUoLH6pXIVr3tcBpieqRxO+6WKU3NmspfBzaECuRr90ldvENEkZBKpIFp3XSdGLyMKORVsUuwlmsWEjsmQdQ1KEjLtZbPjJ/aJcQZ2ECnzJNoz9/dERkKt09A3nSHBkV6sTc3/at0Egysv4zJOkEk6XxQkwsbIniZhD7hiFEVqgFDFza02HRFFKJq8iiYEd/HLy9A6r7lOzb2/qNRv8jgKcATHUAUXLqEOd9CAJlBI4Rle4c16sl6sd+tj3rpi5TNl+CPr8wf4fJRS</latexit>

<latexit sha1_base64="y8+6M0ATlW5H6x++6WQMGcxcnjM=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgxpJIUZdFN+Kqgn1AG8tkOmmHTiZxZlIoId/hxoUibv0Yd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhZXVtfaO4Wdra3tndK+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW8yvz2hUrFQPOhpRN0ADwXzGcHaSG4vwHpEME/u0sezfrliV+0Z0DJxclKBHI1++as3CEkcUKEJx0p1HTvSboKlZoTTtNSLFY0wGeMh7RoqcECVm8xCp+jEKAPkh9I8odFM/b2R4ECpaeCZySykWvQy8T+vG2v/yk2YiGJNBZkf8mOOdIiyBtCASUo0nxqCiWQmKyIjLDHRpqeSKcFZ/PIyaZ1XnYtq7b5WqV/ndRThCI7hFBy4hDrcQgOaQOAJnuEV3qyJ9WK9Wx/z0YKV7xzCH1ifP6bkkgg=</latexit>J�

(t = �1, r = 1)
<latexit sha1_base64="I6JwBxL6bwmnMtUtjg0p57fV50w=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFLIoJuCkU3LivYC7ShTKaTduhkEmZOhBiKr+LGhSJufQ93vo3Ty0Jbfxj4+M85nDO/HwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDm3G9+cCU5pG8hzRmXkj6kgecEjBW1z4oQeWsw2UA6amqTOGkaxedsjMRXgR3BkU0U61rf3V6EU1CJoEKonXbdWLwMqKAU8FGhU6iWUzokPRZ26AkIdNeNrl+hI+N08NBpMyTgCfu74mMhFqnoW86QwIDPV8bm//V2gkEV17GZZwAk3S6KEgEhgiPo8A9rhgFkRogVHFzK6YDoggFE1jBhODOf3kRGudl1ym7dxfF6vUsjjw6REeohFx0iaroFtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHZY+UiQ==</latexit><latexit sha1_base64="I6JwBxL6bwmnMtUtjg0p57fV50w=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFLIoJuCkU3LivYC7ShTKaTduhkEmZOhBiKr+LGhSJufQ93vo3Ty0Jbfxj4+M85nDO/HwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDm3G9+cCU5pG8hzRmXkj6kgecEjBW1z4oQeWsw2UA6amqTOGkaxedsjMRXgR3BkU0U61rf3V6EU1CJoEKonXbdWLwMqKAU8FGhU6iWUzokPRZ26AkIdNeNrl+hI+N08NBpMyTgCfu74mMhFqnoW86QwIDPV8bm//V2gkEV17GZZwAk3S6KEgEhgiPo8A9rhgFkRogVHFzK6YDoggFE1jBhODOf3kRGudl1ym7dxfF6vUsjjw6REeohFx0iaroFtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHZY+UiQ==</latexit><latexit sha1_base64="I6JwBxL6bwmnMtUtjg0p57fV50w=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFLIoJuCkU3LivYC7ShTKaTduhkEmZOhBiKr+LGhSJufQ93vo3Ty0Jbfxj4+M85nDO/HwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDm3G9+cCU5pG8hzRmXkj6kgecEjBW1z4oQeWsw2UA6amqTOGkaxedsjMRXgR3BkU0U61rf3V6EU1CJoEKonXbdWLwMqKAU8FGhU6iWUzokPRZ26AkIdNeNrl+hI+N08NBpMyTgCfu74mMhFqnoW86QwIDPV8bm//V2gkEV17GZZwAk3S6KEgEhgiPo8A9rhgFkRogVHFzK6YDoggFE1jBhODOf3kRGudl1ym7dxfF6vUsjjw6REeohFx0iaroFtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHZY+UiQ==</latexit><latexit sha1_base64="I6JwBxL6bwmnMtUtjg0p57fV50w=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFLIoJuCkU3LivYC7ShTKaTduhkEmZOhBiKr+LGhSJufQ93vo3Ty0Jbfxj4+M85nDO/HwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDm3G9+cCU5pG8hzRmXkj6kgecEjBW1z4oQeWsw2UA6amqTOGkaxedsjMRXgR3BkU0U61rf3V6EU1CJoEKonXbdWLwMqKAU8FGhU6iWUzokPRZ26AkIdNeNrl+hI+N08NBpMyTgCfu74mMhFqnoW86QwIDPV8bm//V2gkEV17GZZwAk3S6KEgEhgiPo8A9rhgFkRogVHFzK6YDoggFE1jBhODOf3kRGudl1ym7dxfF6vUsjjw6REeohFx0iaroFtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHZY+UiQ==</latexit>

past null infinity



BHs are not in isolation but are ‘perturbed’ by fields (scalar, fermion, 
electromagnetic, gravitational…) due to neighbouring matter (eg, 
accretion disk, neutron star, etc) or another BH

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="9iPO8Xohg6uRLL5krim5nu2qXYA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbsRVBfuANpbJdNIOnUzizKRQQr7DjQtF3Pox7vwbJ20W2npg4HDOvdwzx4s4U9q2v63Cyura+kZxs7S1vbO7V94/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG99kfntCpWKheNDTiLoBHgrmM4K1kdxegPWIYJ7cpY9n/XLFrtozoGXi5KQCORr98ldvEJI4oEITjpXqOnak3QRLzQinaakXKxphMsZD2jVU4IAqN5mFTtGJUQbID6V5QqOZ+nsjwYFS08Azk1lItehl4n9eN9b+lZswEcWaCjI/5Mcc6RBlDaABk5RoPjUEE8lMVkRGWGKiTU8lU4Kz+OVl0jqvOhfV2n2tUr/O6yjCERzDKThwCXW4hQY0gcATPMMrvFkT68V6tz7mowUr3zmEP7A+fwCj3JIG</latexit>

J +

matter

field

BH Perturbations

BH



Questions we wish to address investigating perturbations of 
rotating BH spacetimes:

- is Kerr stable under field perturbations? 

(if not, maybe a Kerr BH is not the final stage 
of gravitational collapse of massive stars)

- what happens inside a BH?

(does the Cauchy hor. really exist?)
<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

- do BHs deform under an external tidal 
field?



Wave Equation

We consider linear field perturbations of a fixed BH (ie, we do not 
consider the backreaction of the field on the BH)           the fields 
propagate on a BH background gµ⌫

E.g., scalar field perturbations      of a BH satisfy a wave eq.

source of field

<latexit sha1_base64="b0YDeJNpJmYAUNvbPEQkbrfj+/g=">AAACKnicbVDLTgIxFO34RHyNunTTSExwQ2YMUTcmiBuXmPBKGCSdUqCh0xn7IJAJ3+PGX3HDQkPc+iF2gEQFT9Lm9Nxzc3uPHzEqleNMrbX1jc2t7dROendv/+DQPjquylALTCo4ZKGo+0gSRjmpKKoYqUeCoMBnpOb375N6bUCEpCEvq1FEmgHqctqhGCkjtew7rxgOoRf1aHZ44ZFnTQew24q9QHtcjz2OfIaekucPT/S5/7ZsrpadcXLODHCVuAuSAQuUWvbEa4dYB4QrzJCUDdeJVDNGQlHMyDjtaUkihPuoSxqGchQQ2Yxnq47huVHasBMKc7iCM/V3R4wCKUeBb5wBUj25XEvE/2oNrTo3zZjySCvC8XxQRzOoQpjkBttUEKzYyBCEBTV/hbiHBMLKpJs2IbjLK6+S6mXOvcrlH/OZQnERRwqcgjOQBS64BgXwAEqgAjB4AW/gHXxYr9bEmlqfc+uateg5AX9gfX0DQzanxw==</latexit>⇤�(x) ⌘ gµ⌫rµr⌫�(x) = T (x)

Perturbations by other fields satisfy a similar wave eq. 

spacetime point

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�



due to M

perturbation (gravitational 
waves) due to m

= gµ⌫ + hµ⌫ +O

⇣
m

M

⌘2
Total metric

Credit: NASA

<latexit sha1_base64="AsVL6swrSwzl3SZbGwz5oQiIyIs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdmlzA7mSRDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHHS46iXhcKG0k575Ypf9edAqyTISQVyNHrlr7CfECuoNIRjrbuBn5oow8owwum0FFpNU0zGeEi7jkosqI6y+cVTdOaUPhokypU0aK7+nsiw0HoiYtcpsBnpZW8m/ud1rRlcRxmTqTVUksWigeXIJGj2PuozRYnhE0cwUczdisgIK0yMC6nkQgiWX14lrYtqcFmt3dcq9Zs8jiKcwCmcQwBXUIc7aEATCEh4hld487T34r17H4vWgpfPHMMfeJ8//WuRIw==</latexit>

hµ⌫

Eg, for grav. field perturbations, linearize Einstein eqs.

Smaller BH (m) moving on the 
background metric            of a massive 
BH (M) causes perturbation metric 

<latexit sha1_base64="Hf2oUbZoMfttPmZEnSj3B0w6EWY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdmlzA7mSRDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHHS47CXhcKG0k575Ypf9edAqyTISQVyNHrlr7CfECuoNIRjrbuBn5oow8owwum0FFpNU0zGeEi7jkosqI6y+cVTdOaUPhokypU0aK7+nsiw0HoiYtcpsBnpZW8m/ud1rRlcRxmTqTVUksWigeXIJGj2PuozRYnhE0cwUczdisgIK0yMC6nkQgiWX14lrYtqcFmt3dcq9Zs8jiKcwCmcQwBXUIc7aEATCEh4hld487T34r17H4vWgpfPHMMfeJ8/+96RIg==</latexit>gµ⌫

The eqs. satisfied by the different 
components of            do not decouple, but…

<latexit sha1_base64="AsVL6swrSwzl3SZbGwz5oQiIyIs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdmlzA7mSRDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHHS46iXhcKG0k575Ypf9edAqyTISQVyNHrlr7CfECuoNIRjrbuBn5oow8owwum0FFpNU0zGeEi7jkosqI6y+cVTdOaUPhokypU0aK7+nsiw0HoiYtcpsBnpZW8m/ud1rRlcRxmTqTVUksWigeXIJGj2PuozRYnhE0cwUczdisgIK0yMC6nkQgiWX14lrYtqcFmt3dcq9Zs8jiKcwCmcQwBXUIc7aEATCEh4hld487T34r17H4vWgpfPHMMfeJ8//WuRIw==</latexit>

hµ⌫



They all obey a wave-like eq.:

source of field

<latexit sha1_base64="DRKxIqCxRSKRseWBzCOGcxj6CTQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqBuh6MadFfqCJpTJdNIOnUzCzEQsIXs3/oobF4q49Qfc+TdO2iy09cAwh3Pu5d57vIhRqSzr21haXlldWy9sFDe3tnd2zb39tgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXmd+6JkDTkTTWJiBugIac+xUhpqW+WnBFSiRMgNcKIJbdp6pxAJ5K08nAML2FTf32zbFWtKeAisXNSBjkaffPLGYQ4DghXmCEpe7YVKTdBQlHMSFp0YkkihMdoSHqachQQ6SbTW1J4pJUB9EOhH1dwqv7uSFAg5STwdGW2tJz3MvE/rxcr/8JNKI9iRTieDfJjBlUIs2DggAqCFZtogrCgeleIR0ggrHR8RR2CPX/yImmfVu2zau2uVq5f5XEUwCEogQqwwTmogxvQAC2AwSN4Bq/gzXgyXox342NWumTkPQfgD4zPHxuGmck=</latexit>

Ô (x) = T (x)

spin-field

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 Teukolsky’73 managed to decouple the eqs. satisfied for combinations          
of different components and derivatives of the various fields (spin |s|=0 
scalar,=1/2 neutrino,=1 emag for Faraday tensor,=2 grav for Weyl tensor)



Green Function

A crucial object is the retarded Green function

with causal b.c.:

GF determines evolution in time of any initial field configuration
<latexit sha1_base64="QWANj3B8naYED2qtZlHxpPZgvOI="></latexit>

 (x) =

Z

t=0

h
Gret(x, x

0) ̇ic (~x0) +  ic (~x0) @tGret(x, x
0)
i
d3~x0

GF can be calculated by decomposing into Fourier modes (     stationarity)  
and spheroidal harmonics (      axisymmetry & hidden symmetry) :

Gret =
X

`,m

Z 1

�1
d! eim'�i!tS`m!(✓)S`m!(✓

0)G`m!(r, r
0)

Fourier modes

<latexit sha1_base64="hsWSSQwH+z4cr9euSOgQU/5vkzs=">AAACKnicbVDLSitBEO1Rr494r0ZdumkMohckzEhQN4KPhe5UMCpkwlDTqZgmPQ+6ayRhmO9x46+4caGIWz/EzmPh60DD6XOquqtOmCppyHVfnYnJqT/TM7Nzpfm//xYWy0vLVybJtMC6SFSib0IwqGSMdZKk8CbVCFGo8DrsHg/86zvURibxJfVTbEZwG8u2FEBWCsqHfgTUEaByvwPEzwp/i/uEPRo+nYcqwyI/CXKNVBSbva 3exv99v4WKIKiNrkG54lbdIfhP4o1JhY1xHpSf/FYisghjEgqMaXhuSs0cNEmhsCj5mcEURBdusWFpDBGaZj6cp+DrVmnxdqLtiYkP1c8dOUTG9KPQVg4WM9+9gfib18iovdfMZZxmhLEYfdTOFKeED3LjLalRkOpbAkJLOysXHdAgyKZbsiF431f+Sa62q95OtXZRqxwcjeOYZatsjW0yj+2yA3bKzlmdCXbPHtkze3EenCfn1XkblU44454V9gXO+wd5Cac7</latexit>

ÔGret(x, x
0) = �4(x, x

0)

x0 6= J�(x)
<latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit>

Gret(x, x
0) = 0

<latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit>

if

X

X′



So they can be found from two linearly independent slns. of the 
homogeneous radial ODE:

where
<latexit sha1_base64="hK5zfWGUhYb5MavOwhSVx5DUvFg=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg6BN3JWgNkLQxs4HRoVsXO5ObpIhM7vLzKwQlv0OG3/FxkIRO7Hxb5zEFJp4YOBwzr3cOSdMBNfGdb+cicmp6ZnZufnCwuLS8kpxde1ax6liWGOxiNVtCBoFj7BmuBF4mygEGQq8Cbsnff/mHpXmcXRlegk2JLQj3uIMjJWCoudLMB0GIvM7YOhZHiifXt5lPNpNkzzIfBSCSj+W2IZ8W+0cuUGx5JbdAeg48YakRIY4D4offjNmqcTIMAFa1z03MY0MlOFMYF7wU40JsC60sW5pBBJ1IxtEy+mWVZq0FSv7IkMH6u+NDKTWPRnayX4QPer1xf+8empahw0bM0kNRuznUCsV1MS03xNtcoXMiJ4lwBS3f6WsAwqYsW0WbAneaORxcr1X9vbLlYtKqXo8rGOObJBNsk08ckCq5JSckxph5IE8kRfy6jw6z86b8/4zOuEMd9bJHzif3+vboMY=</latexit>

Ôr Rin/up
`m! (r) = 0

Wronskian

<latexit sha1_base64="+bSm3wuv+7TPuDy7HuA6o1VpyFk="></latexit>

G`m!(r, r
0) =

Rin
`m!(r<)R

up
`m!(r>)

W <latexit sha1_base64="LhS1Opsj7Be3fszmAOE8N0+2j1U=">AAACDnicbVA9SwNBEN3zM8avqKXNYhAVJNxJUAuLoI1lBKNCLoS9zVyyZG/v3J0LhiO/wMa/YmOhiK21nf/GTUyh0QcDj/dmmJkXJFIYdN1PZ2p6ZnZuPreQX1xaXlktrK1fmTjVHGo8lrG+CZgBKRTUUKCEm0QDiwIJ10H3bOhf90AbEatL7CfQiFhbiVBwhlZqFrZ188SH21T0qI9wh1kk1MCXEOKu3tc7vhbtDu41C0W35I5A/xJvTIpkjGqz8OG3Yp5GoJBLZkzdcxNsZEyj4BIGeT81kDDeZW2oW6pYBKaRjd4Z0G2rtGgYa1sK6Uj9OZGxyJh+FNjOiGHHTHpD8T+vnmJ43MiESlIExb8XhamkGNNhNrQlNHCUfUsY18LeSnmHacbRJpi3IXiTL/8lVwcl77BUvigXK6fjOHJkk2yRXeKRI1Ih56RKaoSTe/JInsmL8+A8Oa/O23frlDOe2SC/4Lx/AUWYnD8=</latexit>

r< ⌘ min (r, r0)
<latexit sha1_base64="EQc7xMBV32q9Cv5q0M8X3AK0fmY=">AAACDnicbVA9SwNBEN3zM8avqKXNYghGkHAnQa0kaGOpYDSQC8feZi5Z3Ptwd04MR36BjX/FxkIRW2s7/42beIVGHww83pthZp6fSKHRtj+tqemZ2bn5wkJxcWl5ZbW0tn6p41RxaPJYxqrlMw1SRNBEgRJaiQIW+hKu/OuTkX91C0qLOLrAQQKdkPUiEQjO0EheqaK8IxduUnFLXYQ7zEJ2N3QlBFhVu2rbVaLXxx2vVLZr9hj0L3FyUiY5zrzSh9uNeRpChFwyrduOnWAnYwoFlzAsuqmGhPFr1oO2oRELQXey8TtDWjFKlwaxMhUhHas/JzIWaj0IfdMZMuzrSW8k/ue1UwwOO5mIkhQh4t+LglRSjOkoG9oVCjjKgSGMK2FupbzPFONoEiyaEJzJl/+Sy72as1+rn9fLjeM8jgLZJFukShxyQBrklJyRJuHknjySZ/JiPVhP1qv19t06ZeUzG+QXrPcvTAicQw==</latexit>

r> ⌘ max (r, r0)

The GF Fourier modes satisfy a radial ODE:

<latexit sha1_base64="BrV3bAYHm8Cp62wdfg39iwdtyW8="></latexit>

Ôr G`m!(r, r
0) = �(r, r0)

2nd order linear operator in r



W = 2i!Rin,inc
`m!

<latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit><latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit><latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit><latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit>

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

Rin,ref
`m!

<latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit>

Rin,inc
`m!

<latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit>
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<latexit sha1_base64="JRqtPsnRwtKcNvBWljuRhxo1qNg=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgSpBFTBWsDAWRB9S01aOe9tatZPIdpCqKH/Awq+wMIAQKysbf4P7GKDlSJaOzrlX1+f4EWdKO863lVlaXlldy67nNja3tnfs3b2aCmNJoUpDHsqGTxRwFkBVM82hEUkgwudQ94fXY7/+AFKxMLjXowhagvQD1mOUaCN17GNoJ6fMCwX0CdbpXTthQdpJPOAci6mcFuRJx847RWcCvEjcGcmjGSod+8vrhjQWEGjKiVJN14l0KyFSM8ohzXmxgojQIelD09CACFCtZJInxUdG6eJeKM0LNJ6ovzcSIpQaCd9MCqIHat4bi/95zVj3LlsmYRRrCOj0UC/mWId4XA7uMglU85EhhEpm/orpgEhCtakwZ0pw5yMvktpZ0T0vlm5L+fLVrI4sOkCHqIBcdIHK6AZVUBVR9Iie0St6s56sF+vd+piOZqzZzj76A+vzB/b2nJ4=</latexit>

e�i!tRin
`m!(r)

<latexit sha1_base64="3uWFNHmCVEvzGItsEC9mp8tTyug=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXgloGbSyjmAdkkzA7uUmGzOwuM7NCWPYPbPwVGwtFbG3t/Bsnj0ITD1w4nHMv997jR5wp7TjfVmZpeWV1Lbue29jc2t6xd/dqKowlhSoNeSgbPlHAWQBVzTSHRiSBCJ9D3R9ej/36A0jFwuBejyJoCdIPWI9Roo3UsY+hnZwyLxTQJ1ind+0kjtJO4gHnWEzltCBPOnbeKToT4EXizkgezVDp2F9eN6SxgEBTTpRquk6kWwmRmlEOac6LFUSEDkkfmoYGRIBqJZN/UnxklC7uhdJUoPFE/T2REKHUSPimUxA9UPPeWPzPa8a6d9lKWBDFGgI6XdSLOdYhHoeDu0wC1XxkCKGSmVsxHRBJqDYR5kwI7vzLi6R2VnTPi6XbUr58NYsjiw7QISogF12gMrpBFVRFFD2iZ/SK3qwn68V6tz6mrRlrNrOP/sD6/AENU5ys</latexit>

e�i!tRup
`m!(r)

Causal boundary conditions for the homogeneous slns.:



1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

Rin,ref
`m!

<latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit>

Rin,inc
`m!

<latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit>

I+

I�H
�

H
+

Superradiance

Wronskian condition (energy conservation):

Superradiance: reflected wave has 
more energy than incident wave  if                                 

<latexit sha1_base64="KOSeSethESgZdsGZw5j76N+HgXk=">AAACDnicbVC7SgNBFJ2NrxhfUUubxRCIiGFXglpYBG3sjGAekA1hdnI3GTKzu8zcFULIF9j4KzYWitha2/k3Th6FJh643MM59zJzjx8LrtFxvq3U0vLK6lp6PbOxubW9k93dq+koUQyqLBKRavhUg+AhVJGjgEasgEpfQN3vX4/9+gMozaPwHgcxtCTthjzgjKKR2tm8JyDAghdJ6NIT6d2Oe/vYU7zbw6OpfOm0szmn6ExgLxJ3RnJkhko7++V1IpZICJEJqnXTdWJsDalCzgSMMl6iIaasT7vQNDSkEnRrODlnZOeN0rGDSJkK0Z6ovzeGVGo9kL6ZlBR7et4bi/95zQSDi9aQh3GCELLpQ0EibIzscTZ2hytgKAaGUKa4+avNelRRhibBjAnBnT95kdROi+5ZsXRXypWvZnGkyQE5JAXiknNSJjekQqqEkUfyTF7Jm/VkvVjv1sd0NGXNdvbJH1ifPzoem5c=</latexit>

(! �m⌦+)! < 0

Field modes with those frequencies extract rotational energy from the BH 
thanks to existence of ergosphere (region near BH where        is spacelike)

<latexit sha1_base64="6DHl69ufYqQymHVQMzin9BHTQ/Y=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/YLiWbZtvQbHZJZoWy9F948aCIV/+NN/+NabsHbX0QeLw3M5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHnsJ1Sio7GO/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPZvOY5NNSLzU8oWxMh7xrqaIRN34233hKzqwyIGGs7VNI5urvjoxGxkyiwFZGFEdm2ZuJ/3ndFMNrPxMqSZErtvgoTCXBmMzOJwOhOUM5sYQyLeyuhI2opgxtSCUbgrd88ippXVS9y2rtvlap3+RxFOEETuEcPLiCOtxBA5rAQMEzvMKbY5wX5935WJQWnLznGP7A+fwBzL2RAw==</latexit>

@t

<latexit sha1_base64="SDykXKKeQLgM3Rkf8HYVokQ+tVY=">AAACWnicdZFfb9MwFMWdAOvWAes23nixqJCQoFVSTWwvk6rxwhsD0T9S00aOe9Nas5Ng30yq0nxJXhASXwUJJ8vD6OBKlo/OPVe2f44yKQx63k/HffT4yV5r/6B9+PTZ86PO8cnYpLnmMOKpTPU0YgakSGCEAiVMMw1MRRIm0c2Hqj+5BW1EmnzFTQZzxVaJiAVnaK2w8y2QEOP2y6IQyTsNcRkWAUhJVZAqWLEy0GK1xu1icH k/KBL+32AviDXjxZ3dU8Gnag/flo1Thp2u1/fqog+F34guaeo67HwPlinPFSTIJTNm5nsZzgumUXAJZTvIDWSM37AVzKxMmAIzL2o0JX1tnSWNU21XgrR2708UTBmzUZFNKoZrs9urzH/1ZjnGF3PLIssRLI36oDiXFFNacaZLoYGj3FjBuBb2rpSvmSWD9jfaFoK/++SHYjzo++/7Z5/PusOrBsc+eUlekTfEJ+dkSD6SazIinPwgv509p+X8cl33wD28i7pOM3NK/ir3xR/0ULdM</latexit>���Rin,ref
`m!

���
2
=

���Rin,inc
`m!

���
2
� ! �m⌦+

!



Instead of carrying out the Fourier integral along the real-      axis, it’s 
useful to deform the contour of integration into complex-     plane!

!

Then  apply the residue th. to account for the singularities of the 
Fourier modes G`m!

Complex contour deformation



BC QNM

HF

ImHwL

ReHwL

<latexit sha1_base64="w6yssFRt1ZzJRewCqKSocgT7tLU=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQgx4jmAckS5id9CZDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfqtJ9BGxOoRxwn4ERsoEQrO0Eqtu16mASe9csWtujPQZeLlpEJy1Hvlr24/5mkECrlkxnQ8N0E/YxoFlzApdVMDCeMjNoCOpYpFYPxsdu6EnlilT8NY21JIZ+rviYxFxoyjwHZGDIdm0ZuK/3mdFMNrPxMqSREUny8KU0kxptPfaV9o4CjHljCuhb2V8iHTjKNNqGRD8BZfXibNs6p3Wb14OK/UbvI4iuSIHJNT4pErUiP3pE4ahJMReSav5M1JnBfn3fmYtxacfOaQ/IHz+QOCg4+z</latexit>

GretThen ‘main’ contribution to            is from the poles (QNMs)



Mode solutions

So they are zeros of the denominator:

W = 2i!Rin,inc
`m! = 0

<latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit><latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit><latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit><latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit>

Mode slns. correspond to  frequencies                         which are poles of 
the GF modes

<latexit sha1_base64="AjCFgwJUU5jhczcagjkYLBTom7M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdCWojBG0sI5gHJMsyO7lJhsxjmZkVwpLGX7GxUMTWz7Dzb5w8Ck08cLmHc+5l5p444cxY3//2ciura+sb+c3C1vbO7l5x/6BhVKop1KniSrdiYoAzCXXLLIdWooGImEMzHt5O/OYjaMOUfLCjBEJB+pL1GCXWSVHxqKME9Mn1rEVZBzjHQo6jYskv+1PgZRLMSQnNUYuKX52uoqkAaSknxrQDP7FhRrRllMO40EkNJIQOSR/ajkoiwITZ9IAxPnVKF/eUdiUtnqq/NzIijBmJ2E0KYgdm0ZuI/3nt1PauwozJJLUg6eyhXsqxVXiSBu4yDdTykSOEaub+iumAaEKty6zgQggWT14mjfNycFGu3FdK1Zt5HHl0jE7QGQrQJaqiO1RDdUTRGD2jV/TmPXkv3rv3MRvNefOdQ/QH3ucPyx2WjA==</latexit>! = !`mn

<latexit sha1_base64="6nensuNwrxjAqWu96mGGxwULuuk=">AAAB9HicbVBNS8NAFHypX7V+VT16CRbBQylJKepFKHrxWMHWQhvKZrtpl242cfelUEJ/hxcPinj1x3jz37htc9DWgYVh5g3v7fix4Bod59vKra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUm2faCa4ZE3kKFg7VoyEvmCP/uh25j+OmdI8kg84iZkXkoHkAacEjeTJa6fslqvlbj9C3SuWnIozh71K3IyUIEOjV/wyOZqETCIVROuO68TopUQhp4JNC91Es5jQERmwjqGShEx76fzoqX1mlL4dRMo8ifZc/Z1ISaj1JPTNZEhwqJe9mfif10kwuPJSLuMEmaSLRUEibIzsWQN2nytGUUwMIVRxc6tNh0QRiqanginBXf7yKmlVK+5FpXZfK9VvsjrycAKncA4uXEId7qABTaDwBM/wCm/W2Hqx3q2PxWjOyjLH8AfW5w/WKZDd</latexit>

n = 0, 1, 2, . . .

<latexit sha1_base64="lmNfNOAuzEc+VWYHsVqydQvpaik="></latexit>

G`m!(r, r
0) =

Rin
`m!(r<)R

up
`m!(r>)

W
= 1

<latexit sha1_base64="LmyUJ8IlN6NLxOBJLYEqHU+iHE8=">AAACB3icbVA9SwNBEN2LXzF+nVoKshgEq3AnQS2DaSwjmBjIhbC3mSRLdveO3T0hHOls/Cs2ForY+hfs/DfuJVdo4oOBx3szzMwLY8608bxvp7Cyura+UdwsbW3v7O65+wctHSWKQpNGPFLtkGjgTELTMMOhHSsgIuRwH47rmX//AEqzSN6ZSQxdQYaSDRglxko99ziIBAxJLw2AcyzkNGASB4KYURim9WnPLXsVbwa8TPyclFGORs/9CvoRTQRIQznRuuN7semmRBlGOUxLQaIhJnRMhtCxVBIBupvO/pjiU6v08SBStqTBM/X3REqE1hMR2s7sQr3oZeJ/Xicxg6tuymScGJB0vmiQcGwinIWC+0wBNXxiCaGK2VsxHRFFqLHRlWwI/uLLy6R1XvEvKtXbarl2ncdRREfoBJ0hH12iGrpBDdREFD2iZ/SK3pwn58V5dz7mrQUnnzlEf+B8/gAzIZmI</latexit>

!`mn 2 C



{ If                         : exponentially damped (quasinormal modes, QNMs)
If                         : exponentially growing (unstable modes)Im(!`mn) > 0

[ If                           : marginally unstable]
<latexit sha1_base64="DuBG2VzasQB21t85qN6rMbWffCM=">AAACCnicbVA9SwNBEN3z2/gVtbRZDUJswp0EtRFEG+0UzAfkQtjbzCWLu3vH7pwQjtQ2/hUbC0Vs/QV2/hs3MYVfDwYe780wMy9KpbDo+x/e1PTM7Nz8wmJhaXllda24vlG3SWY41HgiE9OMmAUpNNRQoIRmaoCpSEIjujkb+Y1bMFYk+hoHKbQV62kRC87QSZ3i9oUKJcRYDhMFPdbJQ5CSKj0Mjej1ce/Y7xRLfsUfg/4lwYSUyASXneJ72E14pkAjl8zaVuCn2M6ZQcElDAthZiFl/Ib1oOWoZgpsOx+/MqS7TunSODGuNNKx+n0iZ8ragYpcp2LYt7+9kfif18owPmrnQqcZguZfi+JMUkzoKBfaFQY4yoEjjBvhbqW8zwzj6NIruBCC3y//JfX9SnBQqV5VSyenkzgWyBbZIWUSkENyQs7JJakRTu7IA3kiz9699+i9eK9frVPeZGaT/ID39gmwpJpD</latexit>

Im (!`mn) = 0

Im(!`mn) < 0

Time dependence:
e�i!`mnt

<latexit sha1_base64="fDbIzHageh1OE1h6h86NzhY/giw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIsgCCWRoh6LXjxWsB/QhLLZbtqlm03YnQgh9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tkpr6xubW+Xtys7u3v5B9fCoo+NUUdamsYhVLyCaCS5ZGzkK1ksUI1EgWDeY3M387hNTmsfyEbOE+REZSR5yStBIHnoY2xcelyFmg2rNqTtz2KvELUgNCrQG1S9vGNM0YhKpIFr3XSdBPycKORVsWvFSzRJCJ2TE+oZKEjHt5/Obp/aZUYZ2GCtTEu25+nsiJ5HWWRSYzojgWC97M/E/r59ieOPnXCYpMkkXi8JU2ObRWQD2kCtGUWSGEKq4udWmY6IIRRNTxYTgLr+8SjqXdfeq3nho1Jq3RRxlOIFTOAcXrqEJ99CCNlBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AG6BZF/</latexit>

t ! +1

Then:

I+

I�H
�

H
+

Mode slns. are purely 
ingoing waves into the 
horizon and purely 
ougoing at infinity

<latexit sha1_base64="PUVi4BPKGBbR9e50EM9O7CwcqCY=">AAACRHichVBNSwMxEM36bf2qevQSLIIXy64U9Vj04lHFqtCtJZtOazDJLsmsWJb9cV78Ad78BV48KOJVTNcKfoEPAo838yYzL0qksOj7997I6Nj4xOTUdGlmdm5+oby4dGLj1HBo8FjG5ixiFqTQ0ECBEs4SA0xFEk6jy71B/fQKjBWxPsZ+Ai3Felp0BWfopHa5CefZhggRrrEYlkUyhTwLYwU91s5CkJIqnecU86PzTOj8U/vfkrfLFb/qF6C/STAkFTLEQbt8F3ZinirQyCWzthn4CbYyZlBwCXkpTC0kjF+yHjQd1UyBbWXFEjldc0qHdmPjnkZaqF8dGVPW9lXkOhXDC/uzNhD/qjVT7O603OlJiqD5x0fdVFKM6SBR2hEGOMq+I4wb4Xal/IIZxtHlXnIhBD9P/k1ONqvBVrV2WKvUd4dxTJEVskrWSUC2SZ3skwPSIJzckAfyRJ69W+/Re/FeP1pHvKFnmXyD9/YOsN21cw==</latexit>

e�i!`mntRin
`m!`mn

<latexit sha1_base64="0KW+HEG4S6RCuTv8P2LAcov3gYo=">AAACHnicbVDLSgMxFM34rPVVdekmWAQXUmbE11J047KKVaFTSya9rcEkMyR3xDLMl7jxV9y4UERwpX9jOlbwdSBwOOfem3tPlEhh0fffvZHRsfGJydJUeXpmdm6+srB4auPUcGjwWMbmPGIWpNDQQIESzhMDTEUSzqKrg4F/dg3GilifYD+BlmI9LbqCM3RSu7J1fJEJvS40z9tZCFJSFSLcYDE5i2QKeRbGCnrsy9Z5nrcrVb/mF6B/STAkVTJEvV15DTsxTxVo5JJZ2wz8BFsZMyi4hLwcphYSxq9YD5qOaqbAtrJiiZyuOqVDu7FxTyMt1O8dGVPW9lXkKhXDS/vbG4j/ec0Uu7std36SIrgAio+6qaQY00FWtCMMcJR9Rxg3wu1K+SUzjKNLtOxCCH6f/JecbtSC7drm0WZ1b38YR4kskxWyRgKyQ/bIIamTBuHkltyTR/Lk3XkP3rP38lk64g17lsgPeG8fByGkUA==</latexit>

Rin,inc
`m!`mn



n = 0

n = 1

a/M = 0.2, 0.6, 0.8
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` = 10 ! 180

m = 10m = �10

Casals&Yang

QNMs  (                       ) of Kerr:Im(!`mn) < 0



The last stage (ringdown) of a gravitational waveform can be modelled 
as perturbations of Kerr via QNMs:

QNM measured by 
LIGO agrees with 
theoretical calculation

LIGO’16

perturbed Kerr 
emitting GWs

Q: Are there any unstable modes (                       ) in Kerr?Im(!`mn) > 0



1. BH Perturbations

2. Stability of Kerr

5. Conclusion

3. Stability of the Cauchy horizon of Kerr-Newman-de Sitter

4. Tidal gravitational deformation (Love)



 Kerr is fully (ie, not just modal) linearly stable under scalar 
perturbations (Dafermos, Rodnianski & Shlapentokh-Rothman’16)

Open question: full linear stability of Kerr under gravitational 
perturbations

Stability of subextremal Kerr

 Note: the full linear sln. of Teukolsky eq. is obtained from infinite 
sums/integrals of frequency modes                    

<latexit sha1_base64="fZzpM6JBCXuEBivrAiwj6YeMzxM=">AAACFXicbZDLSgMxFIYz3q23qks3wSK40DIjRV2KblxWsCp06pBJz9RgkhmSM0IZ+hJufBU3LhRxK7jzbUzbWXg7EPLx/+eQnD/OpLDo+5/exOTU9Mzs3HxlYXFpeaW6unZh09xwaPFUpuYqZhak0NBCgRKuMgNMxRIu49uToX95B8aKVJ9jP4OOYj0tEsEZOimq7oQ2V1ERgpQ7VA1CoTEqdt2VYH9wXZTQDVMFPRZVa37dHxX9C0EJNVJWM6p+hN2U5wo0csmsbQd+hp2CGRRcwqAS5hYyxm9ZD9oONVNgO8VoqwHdckqXJqlxRyMdqd8nCqas7avYdSqGN/a3NxT/89o5JoedQugsR9B8/FCSS4opHUZEu8IAR9l3wLgR7q+U3zDDOLogKy6E4PfKf+Firx7s1xtnjdrRcRnHHNkgm2SbBOSAHJFT0iQtwsk9eSTP5MV78J68V+9t3DrhlTPr5Ed5718ulqAc</latexit>X

`,m

Z 1

�1
d!

so non-existence of unstable modes does not guarantee full linear 
stability

There’re no unstable modes for massless general-spin fields in 
subextremal (             ) Kerr => Kerr is mode-stable (Whiting’89)

<latexit sha1_base64="M+OAp4mjGC0cUEIfef3TRNb5IG0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBcvQkTzgGQJs5NOMmR2dpmZFcKST/DiQRGvfpE3/8ZJsgdNLGgoqrrp7gpiwbVx3W8nt7S8srqWXy9sbG5t7xR39+o6ShTDGotEpJoB1Si4xJrhRmAzVkjDQGAjGN5M/MYTKs0j+WhGMfoh7Uve44waKz3Qq7tOseSW3SnIIvEyUoIM1U7xq92NWBKiNExQrVueGxs/pcpwJnBcaCcaY8qGtI8tSyUNUfvp9NQxObJKl/QiZUsaMlV/T6Q01HoUBrYzpGag572J+J/XSkzv0k+5jBODks0W9RJBTEQmf5MuV8iMGFlCmeL2VsIGVFFmbDoFG4I3//IiqZ+UvfPy2f1pqXKdxZGHAziEY/DgAipwC1WoAYM+PMMrvDnCeXHenY9Za87JZvbhD5zPH+EYjYw=</latexit>

a < M



Stability of Extremal Kerr

Transverse derivatives of axisymmetric field on the horizon of 
extremal Kerr grow! (Aretakis’10) (growth undetermined)

But…

 Field (& derivatives) off the horizon        decaysH

there’re no unstable modes for massless general-spin fields in 
extremal Kerr (Teixeira da Costa’20)

and

In extremal Kerr (            ) :
<latexit sha1_base64="ngfMJKpoAI+ggtPYjbqre49FFVQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IsXIaJ5QLKE2UknGTI7u8zMCmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlR7o1V23WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duqEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLTv0mPK2RGjC2hTHF7K2FDqigzNp2CDcFbfHmZNM7K3nm5cl8pVa+zOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c4L8678zFvzTnZzCH8gfP5A+JLjYw=</latexit>

a = M



As extremal Kerr is approached, QNMs accumulate to form a branch cut 
starting at the superradiant-bound frequency                       (Detweiler’80)

<latexit sha1_base64="81y4+hgJU9Q9mOHtF4pcCwUGIY0=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiCUGakqBuh6MadFewDOsOQSdM2NI8hyRTK0D9x40IRt/6JO//GTDsLbT1wuYdz7iU3J04Y1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGmZKkyaWDKpOjHShFFBmoYaRjqJIojHjLTj0V3ut8dEaSrFk5kkJORoIGifYmSsFLluIDkZoBsePOQ9Oo/cilf1ZoDLxC9IBRRoRO5X0JM45UQYzJDWXd9LTJghZShmZFoOUk0ShEdoQLqWCsSJDrPZ5VN4apUe7EtlSxg4U39vZIhrPeGxneTIDPWil4v/ed3U9K/DjIokNUTg+UP9lEEjYR4D7FFFsGETSxBW1N4K8RAphI0Nq2xD8Be/vExaF1X/slp7rFXqt0UcJXAMTsAZ8MEVqIN70ABNgMEYPINX8OZkzovz7nzMR1ecYucI/IHz+QPoTpMy</latexit>

! = m⌦+

Given that there’re no unstable modes, how to explain this instability?



a = 0.95M

Im(!)
<latexit sha1_base64="B4PgEzaGjsqLXa+abNPS4MexqbU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF71FMA9MljA76U2GzGOZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4JypdJWBAznqlsl/1Z8DLJMhJGeWo90pf3b6iqQBpKSfGdAI/sWFGtGWUw6TYTQ0khI7IADqOSiLAhNns4gk+dUofx0q7khbP1N8TGRHGjEXkOgWxQ7PoTcX/vE5q46swYzJJLUg6XxSnHFuFp+/jPtNALR87Qqhm7lZMh0QTal1IRRdCsPjyMmmeVwO/GtxflGvXeRwFdIxOUAUF6BLV0C2qowaiSKJn9IrePOO9eO/ex7x1xctnjtAfeJ8/vCWQSg==</latexit><latexit sha1_base64="B4PgEzaGjsqLXa+abNPS4MexqbU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF71FMA9MljA76U2GzGOZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4JypdJWBAznqlsl/1Z8DLJMhJGeWo90pf3b6iqQBpKSfGdAI/sWFGtGWUw6TYTQ0khI7IADqOSiLAhNns4gk+dUofx0q7khbP1N8TGRHGjEXkOgWxQ7PoTcX/vE5q46swYzJJLUg6XxSnHFuFp+/jPtNALR87Qqhm7lZMh0QTal1IRRdCsPjyMmmeVwO/GtxflGvXeRwFdIxOUAUF6BLV0C2qowaiSKJn9IrePOO9eO/ex7x1xctnjtAfeJ8/vCWQSg==</latexit><latexit sha1_base64="B4PgEzaGjsqLXa+abNPS4MexqbU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF71FMA9MljA76U2GzGOZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4JypdJWBAznqlsl/1Z8DLJMhJGeWo90pf3b6iqQBpKSfGdAI/sWFGtGWUw6TYTQ0khI7IADqOSiLAhNns4gk+dUofx0q7khbP1N8TGRHGjEXkOgWxQ7PoTcX/vE5q46swYzJJLUg6XxSnHFuFp+/jPtNALR87Qqhm7lZMh0QTal1IRRdCsPjyMmmeVwO/GtxflGvXeRwFdIxOUAUF6BLV0C2qowaiSKJn9IrePOO9eO/ex7x1xctnjtAfeJ8/vCWQSg==</latexit><latexit sha1_base64="B4PgEzaGjsqLXa+abNPS4MexqbU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF71FMA9MljA76U2GzGOZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4JypdJWBAznqlsl/1Z8DLJMhJGeWo90pf3b6iqQBpKSfGdAI/sWFGtGWUw6TYTQ0khI7IADqOSiLAhNns4gk+dUofx0q7khbP1N8TGRHGjEXkOgWxQ7PoTcX/vE5q46swYzJJLUg6XxSnHFuFp+/jPtNALR87Qqhm7lZMh0QTal1IRRdCsPjyMmmeVwO/GtxflGvXeRwFdIxOUAUF6BLV0C2qowaiSKJn9IrePOO9eO/ex7x1xctnjtAfeJ8/vCWQSg==</latexit>

Re(!)
<latexit sha1_base64="xRff+sCjQ+k9NfGSDSXMaZkP+KE=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF49RzAOTJcxOepMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJz3eQ6WrBAzIWa9U9qv+DHiZBDkpoxz1Xumr21c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJtdPMGnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9H3cZxqo5WNHCNXM3YrpkGhCrQup6EIIFl9eJs3zauBXg7uLcu06j6OAjtEJqqAAXaIaukV11EAUSfSMXtGbZ7wX7937mLeuePnMEfoD7/MHvbqQSw==</latexit><latexit sha1_base64="xRff+sCjQ+k9NfGSDSXMaZkP+KE=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF49RzAOTJcxOepMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJz3eQ6WrBAzIWa9U9qv+DHiZBDkpoxz1Xumr21c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJtdPMGnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9H3cZxqo5WNHCNXM3YrpkGhCrQup6EIIFl9eJs3zauBXg7uLcu06j6OAjtEJqqAAXaIaukV11EAUSfSMXtGbZ7wX7937mLeuePnMEfoD7/MHvbqQSw==</latexit><latexit sha1_base64="xRff+sCjQ+k9NfGSDSXMaZkP+KE=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF49RzAOTJcxOepMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJz3eQ6WrBAzIWa9U9qv+DHiZBDkpoxz1Xumr21c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJtdPMGnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9H3cZxqo5WNHCNXM3YrpkGhCrQup6EIIFl9eJs3zauBXg7uLcu06j6OAjtEJqqAAXaIaukV11EAUSfSMXtGbZ7wX7937mLeuePnMEfoD7/MHvbqQSw==</latexit><latexit sha1_base64="xRff+sCjQ+k9NfGSDSXMaZkP+KE=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF49RzAOTJcxOepMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJz3eQ6WrBAzIWa9U9qv+DHiZBDkpoxz1Xumr21c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJtdPMGnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9H3cZxqo5WNHCNXM3YrpkGhCrQup6EIIFl9eJs3zauBXg7uLcu06j6OAjtEJqqAAXaIaukV11EAUSfSMXtGbZ7wX7937mLeuePnMEfoD7/MHvbqQSw==</latexit>

a = 0.99M

poles of W

zeros of W (QNMs)

<latexit sha1_base64="81y4+hgJU9Q9mOHtF4pcCwUGIY0=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiCUGakqBuh6MadFewDOsOQSdM2NI8hyRTK0D9x40IRt/6JO//GTDsLbT1wuYdz7iU3J04Y1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGmZKkyaWDKpOjHShFFBmoYaRjqJIojHjLTj0V3ut8dEaSrFk5kkJORoIGifYmSsFLluIDkZoBsePOQ9Oo/cilf1ZoDLxC9IBRRoRO5X0JM45UQYzJDWXd9LTJghZShmZFoOUk0ShEdoQLqWCsSJDrPZ5VN4apUe7EtlSxg4U39vZIhrPeGxneTIDPWil4v/ed3U9K/DjIokNUTg+UP9lEEjYR4D7FFFsGETSxBW1N4K8RAphI0Nq2xD8Be/vExaF1X/slp7rFXqt0UcJXAMTsAZ8MEVqIN70ABNgMEYPINX8OZkzovz7nzMR1ecYucI/IHz+QPoTpMy</latexit>

! = m⌦+

(Casals & Longo´19)

ln |W |
<latexit sha1_base64="1K/dsCcRzicvk94T5iZOkYXFFbM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBNoU2lM120i7dbMLuRihpf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBfji6m/n+EyrNE/loxikGMR1IHnFGjZX8rpBk4k96lapbc+cgq8QrSBUKNHqVr24/YVmM0jBBte54bmqCnCrDmcBpuZtpTCkb0QF2LJU0Rh3k83On5NwqfRIlypY0ZK7+nshprPU4Dm1nTM1QL3sz8T+vk5noJsi5TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGyDcFbfnmVtC5rnlvzHq6q9dsijhKcwhlcgAfXUId7aEATGIzgGV7hzUmdF+fd+Vi0rjnFzAn8gfP5AxfZj2U=</latexit><latexit sha1_base64="1K/dsCcRzicvk94T5iZOkYXFFbM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBNoU2lM120i7dbMLuRihpf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBfji6m/n+EyrNE/loxikGMR1IHnFGjZX8rpBk4k96lapbc+cgq8QrSBUKNHqVr24/YVmM0jBBte54bmqCnCrDmcBpuZtpTCkb0QF2LJU0Rh3k83On5NwqfRIlypY0ZK7+nshprPU4Dm1nTM1QL3sz8T+vk5noJsi5TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGyDcFbfnmVtC5rnlvzHq6q9dsijhKcwhlcgAfXUId7aEATGIzgGV7hzUmdF+fd+Vi0rjnFzAn8gfP5AxfZj2U=</latexit><latexit sha1_base64="1K/dsCcRzicvk94T5iZOkYXFFbM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBNoU2lM120i7dbMLuRihpf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBfji6m/n+EyrNE/loxikGMR1IHnFGjZX8rpBk4k96lapbc+cgq8QrSBUKNHqVr24/YVmM0jBBte54bmqCnCrDmcBpuZtpTCkb0QF2LJU0Rh3k83On5NwqfRIlypY0ZK7+nshprPU4Dm1nTM1QL3sz8T+vk5noJsi5TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGyDcFbfnmVtC5rnlvzHq6q9dsijhKcwhlcgAfXUId7aEATGIzgGV7hzUmdF+fd+Vi0rjnFzAn8gfP5AxfZj2U=</latexit><latexit sha1_base64="1K/dsCcRzicvk94T5iZOkYXFFbM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBNoU2lM120i7dbMLuRihpf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBfji6m/n+EyrNE/loxikGMR1IHnFGjZX8rpBk4k96lapbc+cgq8QrSBUKNHqVr24/YVmM0jBBte54bmqCnCrDmcBpuZtpTCkb0QF2LJU0Rh3k83On5NwqfRIlypY0ZK7+nshprPU4Dm1nTM1QL3sz8T+vk5noJsi5TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGyDcFbfnmVtC5rnlvzHq6q9dsijhKcwhlcgAfXUId7aEATGIzgGV7hzUmdF+fd+Vi0rjnFzAn8gfP5AxfZj2U=</latexit>

a = M

BC
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This is an enhanced instability for non-axisymmetric modes of the 
one found for axisymmetry by Aretakis’10
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<latexit sha1_base64="Z/95x262+L+4YvQKcV6Mq0WwOzE=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KIoMeiBz1WsB/QxLDZbtqlm03YnQgl9OTFv+LFgyJe/Q3e/Ddu2h609cHA470ZZuaFqeAaHOfbKi0tr6yuldcrG5tb2zv27l5LJ5mirEkTkahOSDQTXLImcBCskypG4lCwdji8Kvz2A1OaJ/IORinzY9KXPOKUgJEC+9BLiQJORKDuJb4OcsVg7EHicRnBKLCrTs2ZAC8Sd0aqaIZGYH95vYRmMZNABdG66zop+Hmxggo2rniZZimhQ9JnXUMliZn288kbY3xslB6OEmVKAp6ovydyEms9ikPTGRMY6HmvEP/zuhlEF37OZZoBk3S6KMoEhgQXmeAeV4yCGBlCqOLmVkwHRBEKJrmKCcGdf3mRtE5rrlNzb8+q9ctZHGV0gI7QCXLROaqjG9RATUTRI3pGr+jNerJerHfrY9pasmYz++gPrM8fFMyZgQ==</latexit><latexit sha1_base64="Z/95x262+L+4YvQKcV6Mq0WwOzE=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KIoMeiBz1WsB/QxLDZbtqlm03YnQgl9OTFv+LFgyJe/Q3e/Ddu2h609cHA470ZZuaFqeAaHOfbKi0tr6yuldcrG5tb2zv27l5LJ5mirEkTkahOSDQTXLImcBCskypG4lCwdji8Kvz2A1OaJ/IORinzY9KXPOKUgJEC+9BLiQJORKDuJb4OcsVg7EHicRnBKLCrTs2ZAC8Sd0aqaIZGYH95vYRmMZNABdG66zop+Hmxggo2rniZZimhQ9JnXUMliZn288kbY3xslB6OEmVKAp6ovydyEms9ikPTGRMY6HmvEP/zuhlEF37OZZoBk3S6KMoEhgQXmeAeV4yCGBlCqOLmVkwHRBEKJrmKCcGdf3mRtE5rrlNzb8+q9ctZHGV0gI7QCXLROaqjG9RATUTRI3pGr+jNerJerHfrY9pasmYz++gPrM8fFMyZgQ==</latexit><latexit sha1_base64="Z/95x262+L+4YvQKcV6Mq0WwOzE=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KIoMeiBz1WsB/QxLDZbtqlm03YnQgl9OTFv+LFgyJe/Q3e/Ddu2h609cHA470ZZuaFqeAaHOfbKi0tr6yuldcrG5tb2zv27l5LJ5mirEkTkahOSDQTXLImcBCskypG4lCwdji8Kvz2A1OaJ/IORinzY9KXPOKUgJEC+9BLiQJORKDuJb4OcsVg7EHicRnBKLCrTs2ZAC8Sd0aqaIZGYH95vYRmMZNABdG66zop+Hmxggo2rniZZimhQ9JnXUMliZn288kbY3xslB6OEmVKAp6ovydyEms9ikPTGRMY6HmvEP/zuhlEF37OZZoBk3S6KMoEhgQXmeAeV4yCGBlCqOLmVkwHRBEKJrmKCcGdf3mRtE5rrlNzb8+q9ctZHGV0gI7QCXLROaqjG9RATUTRI3pGr+jNerJerHfrY9pasmYz++gPrM8fFMyZgQ==</latexit><latexit sha1_base64="Z/95x262+L+4YvQKcV6Mq0WwOzE=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KIoMeiBz1WsB/QxLDZbtqlm03YnQgl9OTFv+LFgyJe/Q3e/Ddu2h609cHA470ZZuaFqeAaHOfbKi0tr6yuldcrG5tb2zv27l5LJ5mirEkTkahOSDQTXLImcBCskypG4lCwdji8Kvz2A1OaJ/IORinzY9KXPOKUgJEC+9BLiQJORKDuJb4OcsVg7EHicRnBKLCrTs2ZAC8Sd0aqaIZGYH95vYRmMZNABdG66zop+Hmxggo2rniZZimhQ9JnXUMliZn288kbY3xslB6OEmVKAp6ovydyEms9ikPTGRMY6HmvEP/zuhlEF37OZZoBk3S6KMoEhgQXmeAeV4yCGBlCqOLmVkwHRBEKJrmKCcGdf3mRtE5rrlNzb8+q9ctZHGV0gI7QCXLROaqjG9RATUTRI3pGr+jNerJerHfrY9pasmYz++gPrM8fFMyZgQ==</latexit>

v
<latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit><latexit sha1_base64="Y1VFGg6QQHrr//k/0PvW2lPMVyo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVU9t+o1riu1uzyOIpzBOVyCBzdQgweoQxMYIDzDK7w5T86L8+58LFsLTj5zCn/gfP4A4zGM+g==</latexit>

as

Late-time contribution from BC at                       to transverse 

nth-derivative on horizon grows as (Casals, Gralla & Zimmerman’16)

<latexit sha1_base64="81y4+hgJU9Q9mOHtF4pcCwUGIY0=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiCUGakqBuh6MadFewDOsOQSdM2NI8hyRTK0D9x40IRt/6JO//GTDsLbT1wuYdz7iU3J04Y1cbzvp2V1bX1jc3SVnl7Z3dv3z04bGmZKkyaWDKpOjHShFFBmoYaRjqJIojHjLTj0V3ut8dEaSrFk5kkJORoIGifYmSsFLluIDkZoBsePOQ9Oo/cilf1ZoDLxC9IBRRoRO5X0JM45UQYzJDWXd9LTJghZShmZFoOUk0ShEdoQLqWCsSJDrPZ5VN4apUe7EtlSxg4U39vZIhrPeGxneTIDPWil4v/ed3U9K/DjIokNUTg+UP9lEEjYR4D7FFFsGETSxBW1N4K8RAphI0Nq2xD8Be/vExaF1X/slp7rFXqt0UcJXAMTsAZ8MEVqIN70ABNgMEYPINX8OZkzovz7nzMR1ecYucI/IHz+QPoTpMy</latexit>

! = m⌦+



2. Stability of Kerr

1. BH Perturbations

3. Stability of the Cauchy horizon of Kerr-
Newman-de Sitter

5. Conclusion

4. Tidal gravitational deformation (Love)



Kerr-Newman-de Sitter is an electrically-charged rotating (Kerr) BH in a 
de Sitter Universe (a Universe with accelerated expansion)

Kerr-Newman-de Sitter Black Holes

<latexit sha1_base64="7wYWhNK99iqVerqJsxgiw/6eQi0=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxChVJmpKjLohsXCi3YB7RDuZPJtKGZB0lGqEO/xI0LRdz6Ke78G9N2Ftp6IHA45x7uzXFjzqSyrG8jt7a+sbmV3y7s7O7tF82Dw7aMEkFoi0Q8El0XJOUspC3FFKfdWFAIXE477vhm5nceqZAsCh/UJKZOAMOQ+YyA0tLALJbvK1BpVvp3OuPB2cAsWVVrDrxK7IyUUIbGwPzqexFJAhoqwkHKnm3FyklBKEY4nRb6iaQxkDEMaU/TEAIqnXR++BSfasXDfiT0CxWeq78TKQRSTgJXTwagRnLZm4n/eb1E+VdOysI4UTQki0V+wrGK8KwF7DFBieITTYAIpm/FZAQCiNJdFXQJ9vKXV0n7vGpfVGvNWql+ndWRR8foBJWRjS5RHd2iBmohghL0jF7Rm/FkvBjvxsdiNGdkmSP0B8bnD4hukbs=</latexit>

(M,a,Q,⇤)

BH charge Cosmological const.
<latexit sha1_base64="TWXgVP5gh8fyQ6VmiWWpcM8BK24=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPVy7vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AH/IY0F</latexit>

> 0

There’re 3  horizons:
<latexit sha1_base64="WkTLw1WVe1CYR+KdRMrvKpgc9qk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEsivpZFNy4r2Ae0IUymk3boZBJnJkIJ9VfcuFDErR/izr9x2mahrQcu93DOvcydEyScKe0431ZhaXllda24XtrY3NresXf3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjcTv/VIpWKxuNejhHoR7gsWMoK1kXy7LP2TLqcPSPrHeSe+XXGqzhRokbg5qUCOum9/dXsxSSMqNOFYqY7rJNrLsNSMcDoudVNFE0yGuE87hgocUeVl0+PH6NAoPRTG0pTQaKr+3shwpNQoCsxkhPVAzXsT8T+vk+rwysuYSFJNBZk9FKYc6RhNkkA9JinRfGQIJpKZWxEZYImJNnmVTAju/JcXSfO06l5Uz+/OKrXrPI4i7MMBHIELl1CDW6hDAwiM4Ble4c16sl6sd+tjNlqw8p0y/IH1+QObOpQd</latexit>

r�  r+  rc

Cosmological 
hor.

Event 
hor.

Cauchy 
hor.

Determined by 4 parameters:



Penrose diagram of Kerr-Newman-de Sitter

sing.

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="6vxmjNGO81UXOOMulKAjbEidTm4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgxpJIUZdFN11WsA9oY5lMJ+3QySTOTAol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3qd6ZUKhaKBz2LqBvgkWA+I1gbye0HWI8J5klj/ngxKFfsqp0BrRInJxXI0RyUv/rDkMQBFZpwrFTPsSPtJlhqRjidl/qxohEmEzyiPUMFDqhykyz0HJ0ZZYj8UJonNMrU3xsJDpSaBZ6ZTEOqZS8V//N6sfZv3ISJKNZUkMUhP+ZIhyhtAA2ZpETzmSGYSGayIjLGEhNteiqZEpzlL6+S9mXVuarW7muV+m1eRxFO4BTOwYFrqEMDmtACAk/wDK/wZk2tF+vd+liMFqx85xj+wPr8AaPWkgY=</latexit>

H
�

<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH

black hole

Cosmological hor.
<latexit sha1_base64="x+unpBCHH2NRlwcyIEefgDht8xk=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJUkJJIUS+FohePFewHtCFstpt26WYTdieFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFtr6xubW9uFneLu3v7BoX103NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjO5nfnvMlOaxfIJJwryIDCQPOSVgJN+2y1DrcRnC5FLVlE8vfLvkVJw58Cpxc1JCORq+/dXrxzSNmAQqiNZd10nAy4gCTgWbFnupZgmhIzJgXUMliZj2svnlU3xulD4OY2VKAp6rvycyEmk9iQLTGREY6mVvJv7ndVMIb72MyyQFJuliUZgKDDGexYD7XDEKYmIIoYqbWzEdEkUomLCKJgR3+eVV0rqquNeV6mO1VL/L4yigU3SGyshFN6iOHlADNRFFY/SMXtGblVkv1rv1sWhds/KZE/QH1ucPeOSS6w==</latexit>

(t = 1, r = rc)

<latexit sha1_base64="xfij1nmo4q0Dm5HaC5R54uo69eE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinopFL14rGA/oA1hs920SzebsDtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/yYMwW2/W3kVlbX1jfym4Wt7Z3dPbO431JRIgltkohHsuNjRTkTtAkMOO3EkuLQ57Ttj26mfvuBSsUicQ/jmLohHggWMIJBS55ZLEPtrMdEAONTWZMeOfHMkl2xZ7CWiZOREsrQ8MyvXj8iSUgFEI6V6jp2DG6KJTDC6aTQSxSNMRnhAe1qKnBIlZvOTp9Yx1rpW0EkdQmwZurviRSHSo1DX3eGGIZq0ZuK/3ndBIIrN2UiToAKMl8UJNyCyJrmYPWZpAT4WBNMJNO3WmSIJSag0yroEJzFl5dJ67ziXFSqd9VS/TqLI48O0REqIwddojq6RQ3URAQ9omf0it6MJ+PFeDc+5q05I5s5QH9gfP4A5VuTIg==</latexit>

(t = �1, r = rc)

(t = 1, r = r+)
<latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit>

(t = �1, r = r+)
<latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit>

<latexit sha1_base64="YrDeoMQmkKvvbMDzIJ+lPJijw+E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1ItQ9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k395hMqzRP5aEYpBjHtSx5xRo2VfHWjuufdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmai62DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpHFR8S4r1YdquXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB1UGjmI=</latexit>r = r�

<latexit sha1_base64="CNP2YpXWcRLIPa7yrjT1l38xZiI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A0D2NgA==</latexit>

r = 0

<latexit sha1_base64="EpObTedpcsqiOdoekXyR9ryHXLI=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEEoSRS1GXRTZcV7APaGCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5ttbWNza3tks75d29/YND++i4reJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJ/7nQmVisXiUU8T6kV4KFjICNZG8m27H2E9IphnjdnTpU/Kvl1xqs4caJW4BalAgaZvf/UHMUkjKjThWKme6yTay7DUjHA6K/dTRRNMxnhIe4YKHFHlZfPkM3RulAEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XS3V462VMJKmmgiwOhSlHOkZ5DWjAJCWaTw3BRDKTFZERlphoU1Zegrv85VXSvqq619XaQ61SvyvqKMEpnMEFuHADdWhAE1pAYALP8ApvVma9WO/Wx2J0zSp2TuAPrM8fzQiTHw==</latexit>

H
+
c

<latexit sha1_base64="1URtcekDc079MYpj3UqjJ4JZ3jM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLopssK9gFtDJPppB06mYSZSaGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfXTcVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvs/9zoRKxWLxqKcJ9SI8FCxkBGsj+bbdj7AeEcyzxuzp0idl3644VWcOtErcglSgQNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidlfupogkmYzykPUMFjqjysnnyGTo3ygCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpTq89TImklRTQRaHwpQjHaO8BjRgkhLNp4ZgIpnJisgIS0y0KSsvwV3+8ippX1Xd62rtoVap3xV1lOAUzuACXLiBOjSgCS0gMIFneIU3K7NerHfrYzG6ZhU7J/AH1ucP0BaTIQ==</latexit>

H
�
c



this is a timelike singularity, 
and so it’s visible to an 
observer going into the BH

Unpredictability: the Cauchy 
(“initial”) Value Problem is 
not well posed (‘anything can 
come out of the sing.’)

Loss of predicability inside the BH

sing.

Cosm.
hor.<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH

observer going 
inside BH and 
past CH



Strong Cosmic Censorship hypothesis

So, if BHs that exist in Nature possess singularities in their inside, then 
they’re not visible even to observers inside (i.e., they’re not timelike) 

Strong Cosmic Censorship (SCC) Hypothesis (Penrose’72), essentially:  
the maximal Cauchy development via Einstein's equations of generic 
initial data is inextendible

initial data surface



But it’s a hypothesis - it needs to be verified!

SCC could be upheld if the Cauchy horizon is “destroyed” by field 
perturbations (all results so far were for perturbations outside the BH)

timelike 
sing.

observer can see singularity

perturbations

observer cannot see singularity 
and crashes into it in the future

non-timelike 
sing.

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH



Regularity of Cauchy Horizon?

Even if the (exponentially-decaying) QNMs do not destabilize the 
outside of the BH, as they go inside and reach the CH, are they strong 
enough to destroy the CH?

Black hole

sing.

unpredict
ability

?

QNMs
<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH
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, then QNM waves are too weak
<latexit sha1_base64="RgF9flithgceO2az0ypdrL0v7U0="></latexit>

� ⌘ min (�Im (!`mn))

�
>

1

2

when they arrive at the CH in order to destroy it => CH remains (the 
stress-energy tensor of field is locally integrable -> existence of weak 
solutions to Einstein’s equations) and there’s violation of SCC 

If

<latexit sha1_base64="SO+3fRz6kblnaFGLZQhMop34OCk=">AAACIXicbVDLSgMxFM34rPVVdekmWARdWGakqEvRje4UrAqdUjLpnTaYZIbkjliG/oobf8WNC0W6E3/GtJ2FrwMhJ+fcy809USqFRd//8KamZ2bn5ksL5cWl5ZXVytr6tU0yw6HBE5mY24hZkEJDAwVKuE0NMBVJuInuTkf+zT0YKxJ9hf0UWop1tYgFZ+ikduUoVEKHEmLc2QsRHjA/V4PJO0wUdFk7D0FKqvQgNKLbw93ialeqfs0fg/4lQUGqpMBFuzIMOwnPFGjkklnbDPwUWzkzKLiEQTnMLKSM37EuNB3VTIFt5eMNB3TbKR0aJ8YdjXSsfu/ImbK2ryJXqRj27G9vJP7nNTOMj1q50GmGoPlkUJxJigkdxUU7wgBH2XeEcSPcXynvMcM4ulDLLoTg98p/yfV+LTio1S/r1eOTIo4S2SRbZIcE5JAckzNyQRqEk0fyTF7Jm/fkvXjv3nBSOuUVPRvkB7zPL61ApHQ=</latexit>

min (�Im (!`mn))

QNMs



Case                (eg, Kerr):

CH & region of unpredictability are “destroyed” by the perturbation 
(stress-energy of field is not locally integrable), ie, SCC holds (Ori’92, 
Dafermos & Luk’17)

CH & region of unpredictability are stable (                , ie, violation of SCC) 
for an electrically-charged non-rotating BH (Reissner-Nordstrom-de Sitter) 
since the Cosmic acceleration “weakens” the field (Cardoso et al.’18)

Case                but              :
<latexit sha1_base64="qlRF29x++5J5S87sgpLh6/VNkPs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8xd0Q1JMEvXiMYB6SLGF2MpsMmZ1dZnqFEPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ36zSeujYjVA44S7ke0r0QoGEUrPXYCjvTaOy93C0W35M5AlomXkSJkqHULX51ezNKIK2SSGtP23AT9MdUomOSTfCc1PKFsSPu8bamiETf+eHbwhJxapUfCWNtSSGbq74kxjYwZRYHtjCgOzKI3Ff/z2imGV/5YqCRFrth8UZhKgjGZfk96QnOGcmQJZVrYWwkbUE0Z2ozyNgRv8eVl0iiXvItS5b5SrN5kceTgGE7gDDy4hCrcQQ3qwCCCZ3iFN0c7L8678zFvXXGymSP4A+fzB58Jj6U=</latexit>

� > 1/2

<latexit sha1_base64="Xm6pFIZJfoDrXEtvsFHyxD/L714=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTeyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyWD2acMD/CgeQhp2isdI9Xbq9ccavuDOQv8XJSgRz1Xvmz249pGjFpqECtO56bGD9DZTgVbFLqppolSEc4YB1LJUZM+9ns1Ak5skqfhLGyJQ2ZqT8nMoy0HkeB7YzQDPWiNxX/8zqpCS/9jMskNUzS+aIwFcTEZPo36XPFqBFjS5Aqbm8ldIgKqbHplGwI3uLLf0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMoDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDtqmNcA==</latexit>

a = 0

Regularity of CH of BH when             or non-rotating ?
<latexit sha1_base64="tJK8mtQPVYmO5G0vDs51ZZuruhc=">AAACA3icbVC7SgNBFJ31GeMraqfNYhCswq74aoSgjYVFBPOA7BJmZ+8mQ2YfzNwVwxKw8VdsLBSx9Sfs/BsnmxSaeGDgcM49c2eOlwiu0LK+jbn5hcWl5cJKcXVtfWOztLXdUHEqGdRZLGLZ8qgCwSOoI0cBrUQCDT0BTa9/NfKb9yAVj6M7HCTghrQb8YAzilrqlHYdhAfM78kk+MPMudFhn15Yw06pbFWsHOYssSekTCaodUpfjh+zNIQImaBKtW0rQTejEjkTMCw6qYKEsj7tQlvTiIag3CzfPTQPtOKbQSz1idDM1d+JjIZKDUJPT4YUe2raG4n/ee0Ug3M341GSIkRsvChIhYmxOSrE9LkEhmKgCWWS67earEclZahrK+oS7Okvz5LGUcU+rZzcHperl5M6CmSP7JNDYpMzUiXXpEbqhJFH8kxeyZvxZLwY78bHeHTOmGR2yB8Ynz+sGZgu</latexit>
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But all BH’s in the Universe are rotating. What happens when we 
also include rotation?

Stability of CH of rotating BH in de Sitter Universe?

Kerr-de Sitter: it seems that             and so SCC is preserved (Dias et al.´18)
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But these investigations in Kerr-Newman-de Sitter were only for a 
limited region of parameter space…

Kerr-Newman-de Sitter: investigations by Hod’18 and Rahman et al.’19 
also found                and so preservation of SCC
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Casals & Marinho’22 for neutral scalar field in Kerr-Newman-de Sitter
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violation of SCC
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BH charge approaching its max. value

violation of SCC

and for charged scalar and fermion fields:
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So we find violation of SCC (ie, unpredictability inside BH) for a rotating 
BH but for unphysical values of parameters (BH charge and 
Cosmological const. too large)



2. Stability of Kerr

1. BH Perturbations

4. Tidal gravitational deformation (Love)

5. Conclusion

3. Stability of the Cauchy horizon of Kerr-Newman-de Sitter



Earth & Moon – Love in Newtonian gravity

Augustus Love (1909) introduced numbers characterizing the 
Earth´s tides in its response to the Moon´s gravitational field

Ocean tides due to Moon if Earth didn’t rotate

Earth’s rotation drags bulges 
via friction -> tidal lag



Gravitational potential of a compact body in isolation

Tidal deformation in Newtonian Gravity

M

R

r



Gravitational potential of some (weak & slowly-varying) external tidal 
field

r

tidal moments

<latexit sha1_base64="FDhA8QI4ARMl7ZwtM979rLk80+4="></latexit>

U tidal = �
1X

`=2

(`� 2)!

`!
xa1 · · ·xa` Ea1...a`(t)

Taylor series about origin



Deformation of non-rotating compact body in an external tidal field

induced moments

tidal Love numbers (TLNs) of the compact body

r

Response potential:



Total gravitational potential by linearity (and decomposing into 
spherical harmonic                    modes)         

M
r

R

responsetidalisolated

dimensionless TLNs:



It´s convenient to use a curvature Weyl scalar

(projection of Weyl tensor                 on some null vectors         and        ) 

In the Newtonian limit,

response

tidal

spin-weighted 
spherical harm.
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What about the TLNs in General Relativity?

Love nums. in General Relativity

For BHs, the Weyl scalar         satisfies the Teukolsky eq. for spin-2
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Ô 0 = 0

and, in the case here of a static tidal field, its radial part satisfies the 
radial Teukolsky ODE for zero-frequency
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For neutron stars, the TLNs: are not zero; depend on the eq. of state; 
LIGO constrains them



Tidal and induced moments on BHs
Two types of moments for the BH and for the tidal environment

electric-type:

magnetic-type:

mass-type:

current-type:

background induced

Geroch-Hansen moments (coordinate independent):

Weyl scalar of BH:
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Moments of Kerr Black Hole

Modes of the Geroch-Hansen moments of (isolated) Kerr BH:

ang. mom. (per unit mass)mass

What about the moments of Kerr in an external tidal environment?

[Le Tiec, MC, Franzin’ 21]



Cf. the modes in the Newtonian theory:

We calculated the Weyl tensor modes of perturbed Kerr. For large-r:

responsetidal
“Newtonian” TLNs

Kerr TLNs
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(2) For, e.g.,                     , the  (dimensionless) TLNs are

Kerr BHs are “rigid”

(3) TLNs purely imaginary  the BH tidal bulge is rotated by 45° 
in relation to the tidal perturbation 
(tidal lag)

(1) They are zero for:  

(i) rotating BH in axisymmetric tidal field (              )

(ii) Schwarzschild BH (              ) in agreement with Damour & Nagar´09

“Newtonian” TLNs:
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We calculated the tidally-induced quadrupole moments

to linear order in            :
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where the tidal Love tensor is

Induced moments

So rotating (as opposed to non-rotating) BHs deform in a (static) tidal field!

This effect is purely dissipative (Chia´21; Goldberger, Li & Rothstein´21):

we showed that the above induced moments yields the tidal torquing (ie, 
change of BH angular momentum) in Kerr (Poisson’04)
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5. Conclusion

2. Stability of Kerr

1. BH Perturbations

3. Mode stability of the Cauchy horizon of Kerr-Newman-de Sitter

4. Tidal gravitational deformation (Love)



Conclusion

Mange tak!

- Kerr: mode stability proven; in extremal case, blow-up at late times 
of normal derivatives on the EH (due to a new branch cut)

Open question: prove full linear stability under grav. perturbations

Open questions: can SCC be saved in Kerr-Newman-de Sitter (e.g., by 
nonlinearities or quantum effects)? can SCC be generally proven?

- SCC: violated for unphysical parameters in Kerr-Newman-dS

- Love: rotating BHs deform in a static tidal field


