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Outline

❖ Classical methods for gravitational wave parameter estimation

❖ Neural density estimation and simulation-based inference

❖ Validating results with importance sampling

❖ Next steps:  Flow matching and population inference
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Introduction

Merging black hole 
and/or neutron star 

binaries

LIGO and Virgo 
observatories

Gravitational-wave signal

Theoretical models
+Bayesian inference



Binary neutron star mergers
❖ GW170817:  Sky localization enables multimessenger astrophysics

PRL 119, 161101 (2017) ApJ Lett 848:L12 (2017)



From these results, fit 
Bayesian Hierarchical 

Models to study 
populations, cosmology



Basics of GW parameter estimation

observed data 

= 
 
 

signal 

+ 
 

noise

h(θ)
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d



Bayesian inference
Likelihood assumes stationary Gaussian detector 
noise 
 
 
 

Prior 
e.g., uniform in masses, spins, sky position, … 

<latexit sha1_base64="nfz5SX8Tm28PYvydy/tVGuDxe+I=">AAACGnicbVDLSgMxFM3UV62vUZdugkVoN2VGiroRim5cVrAP6JSSyWTa0MyD5I5Qpv0ON/6KGxeKuBM3/o1pO4K2HggczjmXm3vcWHAFlvVl5FZW19Y38puFre2d3T1z/6CpokRS1qCRiGTbJYoJHrIGcBCsHUtGAlewlju8nvqteyYVj8I7GMWsG5B+yH1OCWipZ9pxyYEBA4LH2CvjS+z4ktA0LnnjuV7+CZQnU7U86ZlFq2LNgJeJnZEiylDvmR+OF9EkYCFQQZTq2FYM3ZRI4FSwScFJFIsJHZI+62gakoCpbjo7bYJPtOJhP5L6hYBn6u+JlARKjQJXJwMCA7XoTcX/vE4C/kU35WGcAAvpfJGfCAwRnvaEPS4ZBTHShFDJ9V8xHRDdDeg2C7oEe/HkZdI8rdhnlepttVi7yurIoyN0jErIRueohm5QHTUQRQ/oCb2gV+PReDbejPd5NGdkM4foD4zPby/kn8E=</latexit>

p(✓|d) = p(d|✓)p(✓)
p(d)

Posterior

p(d |θ) = 𝒩(hI(θ), Sn,I)

waveform model power spectral density

  Finally, draw samples
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Sampling
❖ Stochastic:  Markov chain Monte Carlo (MCMC) or 

nested sampling 
 

Explore parameter space

Generate waveforms

Compare to data

❖ Requires millions of likelihood evaluations per 
detection.
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θ ∼ p(θ |d)



Why explore new methods?
❖ Current analyses based on MCMC / nested 

sampling are expensive

❖ Huge numbers of events expected in the future 
 
 
 
 
 
 
 
 

❖ Forced to make approximations, e.g., that noise is 
stationary and Gaussian 
 
 
 

❖ Future data will be far more complex
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Movie credit:
Floor Broekgaarden

Simulation-based inference + deep learning can solve all of these problems



Neural posterior estimation
❖ Learn a neural network representation of the posterior 

 
 
 
 
 

❖ Enable fast sampling for any data .d
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qϕ(θ |d) ≈ p(θ |d)

millions of tunable parameters



Neural posterior estimation

❖ Questions

❖ How do we represent a conditional distribution using neural networks?

❖ What do we train on?

❖ How do we know our answer is right?
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qϕ(θ |d) ≈ p(θ |d)



Normalizing flow
❖ Represent complex distribution in terms of a mapping    from simpler distribution: 

 
 
 
 
 
 
 

❖ Properties of  
1. invertible
2. simple Jacobian determinant

fd : u ↦ θ

fd

q(θ |d) = 𝒩(0,1)D(f −1
d (θ)) det J−1

fd
𝒩(0,1)D

fd

 has fast sampling and density evaluationq(θ |d)

u θ
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u

base distribution

Normalizing flow

❖ Sequence of simple 
transforms

❖ Each  parametrized by 
neural network

f i
d
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θ1

f1
d

θ2

f 2
d

θ3

f3
d

fd

…
θ

posterior



Normalizing flow
❖ Requirements:

1. Invertible

2. Simple Jacobian determinant 

❖ Use a sequence of “coupling transforms”: 
 
 
 
 

❖  should be differentiable and have analytic inverse with respect to .ci ui

<latexit sha1_base64="ebIF+bhM4wy0dbLz7pb3nEkDvFE="></latexit>

det Jfd =
DY

i=D
2 +1

c0i

⇣
ui;u1:D2

, d
⌘
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Hold fixed half of the components 
 
Transform remaining components element-wise, 
conditional on other half and .s

<latexit sha1_base64="zKgN29vA6pk0F6IREDo7AQ2mZW8="></latexit>

f i
d(u) =

(
ui if i  D/2

ci
⇣
ui;u1:D2

, d
⌘

if i > D/2

Use a spline (Durkan+ 2019)



Normalizing flow
❖ Spline flow 

(Durkan et al, 2019):

ui

c i

knots and derivatives 
output of neural 

network;
input (u1: D

2
, d)

rational-quadratic 
spline interpolation

analytic inverse

Figure: Durkan et al (2019)
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Training

Train  

1. Specify a “loss function” .

❖ Depends on a set of training examples 

2. Minimize the loss

❖ Set  by following gradients 

qϕ(θ |d) → p(θ |d)

L[qϕ]

{(θ(i), d(i))}

ϕ0 = arg min
ϕ

L[qϕ] ∂ϕL[qϕ]
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Naively require 
posterior samples to 

model  

Very expensive!

p(θ |d)



Training

(1) sample  from the prior,
(2) simulate  = signal + noise.

θ(i)

d(i)

Bayes’ theorem
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<latexit sha1_base64="k6UE4OqoMrmQtWlIUIe3BHScCR8="></latexit>

L[q�] = Ep(d)DKL(pkq�)

=

Z
dd p(d)

Z
d✓ p(✓|d) log p(✓|d)

q�(✓|d)

'
Z

d✓ p(✓)

Z
dd p(d|✓) [� log q�(✓|d)]

⇡ 1

N

X

✓(i)⇠p(✓)

d(i)⇠p(d|✓(i))

� log q�(✓
(i)|d(i))

No posterior 
samples.

No likelihood 
evaluations.



Changing PSDs

❖ In reality, detector noise is not totally stationary. Rather the spectrum  varies from event to 
event.

❖ Account for this by augmenting the training to include a collection of PSDs, .

❖ To generate data,

1. Choose a PSD        

2. Generate noise      

3. Add a signal          

Sn( f )

Sn( f ) → {S(i)
n ( f )}

S(i)
n ∼ p(Sn)

n(i) ∼ 𝒩(0,S(i)
n )

d(i) = h(θ(i)) + n(i)
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Condition the model also on the PSD 
 

qϕ(θ |d) → qϕ(θ |d, Sn)



Picture so far

noise PSD
Sn

strain data
d

time shifts
⌧I

embedding
network

normal
u

flow f
parameters

✓

d�⌧I

128 dims

Dax, SRG+ (PRL 2021)

Dataset of training 
PSDs either

real or forecasted
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GW150914



Simplify data using symmetries
❖ Frequency-domain data

  Time shift corresponds to multiplication by 

❖ Variation in sky position + overall coalescence time

  Time shifts in each detector  
 
 
 
 

e−2πi f δt

δt ≈ 0.1 s

Hard to learn!Hanford

Livingston

standardized  

direction

Virgo

Dax, SRG+ (ICLR, 2022)



❖ Consider overall time translations. The true 
posterior is covariant under joint transformations 
of parameters and data, 
 

❖ Rather than enforce a covariant  instead 
standardize data to have .

❖ However to know how much to shift the data, 
 must first be inferred.

qϕ
tc = 0

tc ∈ θ

Group-equivariant NPE
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p(tc |d) = p(tc + δt |d ⋅ e−2πi f δt)

Solution:  Iterative transformations

Dax, SRG+ (ICLR, 2022)



Group-Equivariant NPE

noise PSD
Sn

strain data
d

time shifts
⌧I

embedding
network

normal
u

flow f
parameters

✓

d�⌧I

128 dims

GNPE

Dax, SRG+ (ICLR, 2022)
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Extremely good agreement with 
standard techniques

❖  training examples 
 network parameters

❖ Training ~ few days 
Inference ~ minute

∼ 107

∼ 108
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Verify results
❖ Since we have likelihood and the NPE density, we can use importance sampling to compare. 

 
 
 
 
 
 
 

❖ Effective number of samples                                 as measure of performance.

❖ Evidence 

wi ∝
p(θi)p(d |θi)

qϕ(θi |d)
proposal (NPE)

target (prior x likelihood)

Dax, SRG+ (PRL 2023)
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neff =
(∑i wi)

2

∑i w2
i

p(d) ≈
1
n

n

∑
i=1

wi



Neural importance sampling
GW151012

LALInference (IMRPhenomXPHM)
Dingo-IS (IMRPhenomXPHM)
Dingo-IS (SEOBNRv4PHM)
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sampling efficiency

ϵ = 12.5 %

Dax, SRG+ (2210.05686)



Flagging failure cases

❖ Sample efficiency  serves to 
validate results. 

❖ Out-of-distribution data:

❖ Inconsistent with noise or 
signal model.

❖ Identifies events with known 
issues with data quality or 
modeling.

ϵ
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What’s next?
❖ In principle, this is arbitrarily flexible!  Any data, any representation, any parameters…

… But this requires bigger networks. 

❖ We find that (discrete) normalizing flows do not scale well beyond  trainable parameters 
and  inference parameters. 

❖ Modern generative architectures commonly used for image generation are simpler and have 
better scaling. Flow matching [Lipman et al (ICLR 2023)] uses a continuous normalizing flow.

∼ 108

∼ 15
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⟶ tt = 0 t = 1



Flow matching posterior estimation
❖ FMPE uses flow matching to estimate the posterior 

 
 
 

❖ Outperforms NPE with discrete flows

❖ Faster training, better scaling to large networks

❖ Intermediate  
are more interpretable

0 < t < 1
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dθt

dt
= vt,d(θt)

Network learns vector field
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Selection effects
Learn directly with NPE!

hyperparameters

Population inference
Given a collection of observations  determine 
general properties of the population, e.g., mass 
distribution.

❖ Population likelihood 

❖ Hierarchical Bayesian inference gives population 
posterior

{d(i)}N
i=1

ppop(θ |Λ)
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Leyde, Green, Toubiana, Gair (2023)

p(Λ |{d(i)}) =
p(Λ)

p({d(i)})

N

∏
j=1

∫ p(dj |θj) ppop(θj |Λ) dθj

∫ pdet(θj) ppop(θj |Λ) dθj



Conclusions
❖ Accurate inference for binary black holes in seconds to minutes.

  Enable rapid alerts and  huge numbers of events / analyses.

  Classical techniques like importance sampling can be used to validate results.

❖  Ready to be used:  Code available @ https://github.com/dingo-gw/dingo

❖ Outlook

  Exciting prospects such as noise-model-free inference, populations and cosmology, and 3G/  
LISA inference.

  New architectures likely to deliver ever-improving performance. 

Thank You!
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https://github.com/dingo-gw/dingo

